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Ribbon Hopf Algebras

Review of ribbon categories

The notion of a ribbon category, which we have already
discussed, is due to Joyal and Street, who called them tortile.
We require a natural endomorphism 6, of each object subject
to the ribbon tensor axiom
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And such that 0, = 1, and 6y~ = 0},.
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Ribbon Hopf algebras

The archetypal ribbon category is the category of framed
tangles.

The notion of a ribbon Hopf algebra is due to Reshetikhin and
Turaev. This is a QTHA with a central element 8 such that
multiplication by 8 induces an endomorphism 6y in a module V,
making the category of finite-dimensional modules (already
braided by quasitriangularity) into a ribbon category.

For example, if H = Ug(slz) we may take = K~'u where
u = S(R®)RM was introduced in Lecture 5.

We will impose suitable axioms on @ after further discussing the
properties of u.
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The elements u and S(u)

Let H be a QTHA with universal R-matrix R € H® H.

We recall that u = S(R®)) R("). Let V be a finite-dimensional
H-module. We proved that this is related to the isomorphism
u: V — V** as follows.

If . : V — V**is the usual vector space isomorphism between
V and its double dual, then for x € V,

u(x) = ¢(u- x).

Note that . is not an H-module homorphism but u is.



Ribbon Hopf Algebras

Properties of u

Let H be a QTHA and let u = S(R®)R(1),

Proposition
If x € H then

S(X(g))UX(1) = E(X).

Recall that 7A(x) = RA(x)R~" in Sweedler notation becomes
R(1)X(1) ® R(Z)X(Q) = X(Q)R(1) ® X(1)R(2).

So
S(X(g))S(R(z))R(1)X(1) = S(R(Z)X(g))R(1)X(1) =

S(x1yR®)x2) R = S(R®)S(x(1))x(2)R".

Now S(x(1))x2) = (x) which is a scalar that can be pulled out
leaving u and we are done.
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Properties of u, continued

We will denote v = S(u).

Proposition

The element u is invertible with inverse u—! = R S2(R().
Conjugation by u implements the square of the antipode:

uxu—! = S%(x).

vxv~! = S72(x).

We refer to Majid Chapter 5 for the proof.

Note that this implies that uv is central since
up(x)(uv)~! = uS~2(x)u~" = x. Then uv = vu since
ub = u~ " (uv)u = ou.



Ribbon Hopf Algebras

Properties of u, continued

We come to another very significant property of u.

We have

A(u) =R 'R (u®u).

Here R,y means R @ R(M). Again we refer to Majid for the
proof, but one step is worth pointing out. This is the
“Yang-Baxter equation in a suitable form” mentioned at the end
of the proof on page 33. This is the Exercise 3 in Lecture 5.

Instead of repeating the proof here, we will discuss the context
and meaning of the Theorem.
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Reminder of Lecture 4

The theorem is related to a topic that concerned us earlier, in
Lecture 4, where the morphism u : V — V** was introduced.
We considered what happens when we apply u to a tensor
product U ® V. We gave the following figure.

-8

Topologically u amounts to a double twist, but only if we allow
ourselves a Reidemeister Type | move, or to put it another way,
if we ignore the distinction between V and V**.
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Uy w

In an arbitrary rigid braided category, we have (please check)

IR R
Uygw = CU’1WCW17u(uU @uw) = (uy® uW)CU,1WCW,U‘

Us W u w
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About R> R

If U, W are H-module homomorphisms, then the braiding
cuw: U W — W® Uis o R, meaning that we multiply an
element of U ® W by R, then apply the flip 7.

Now R4 RA(X) = Ry (TA(X))R = A(X)R21 Rforxe H
because 7A(x) = RA(x)R~'. This implies that multiplication
by R>1R is an H-module endomorphism of U @ W for modules
U and W. The precise endomorphism is indeed

Cuwlw,u = TRTR = R21 R.
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The meaning of the theorem

We will now explain how the result in the theorem
A(u) = (R2R) (U u)
is equivalent to the formula
Uyew = CUjWCW,U(uU @uw) = (uy ® uW)CL_/,1WC;V17U'

We note that u ® u commutes with R and R»¢ because
conjugation by u is the square of the antipode so

(U uwRueu)' = S*RM)xw s2(R®)

but using (S ® S)R = R twice, this is R.
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The meaning of the theorem (continued)

Now let vy : V — V** be the usual vector space isomorphism
so u(x) = «(u). Naturally cygw = ty ® tw. So applying
Lwgwl(u) to U® W and using

A(u) = (Ri2R) (U@ u) = (U u)(R2R) "

gives
-1 -1
uuew = (WU ®@ uw)Cy wlw.u»
where we reiterate

uy(x) = (ux), xeV

for V any module.
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The ribbon element

Now following Turaev and Reshetikhin, we define the QTHA H
to be ribbon if it contains an central element @ such that
62 =vu, S(8) =0, <(8) = 1 and

A(6) = (RRy) (02 6).

Theorem (Turaev and Reshetikhin)

The category of finite-dimensional modules for a ribbon Hopf
algebra is a ribbon category.
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Discussion

If V is a module since 8 is central, multiplication by 8 induces
an H-module endomorphism 6y, Just as the property

A(u) = (RRer)~'(6 @ u)
implied
Uyow = (uU &® uW)Ca;‘WCﬁ/‘I’U:
the ribbon axiom
A(6) = (RRz1)"'(0®6)
implies
Qusw = (Oy ® HW)CL_171WCI7V1,U’
one of the properties we need for a ribbon category. The other

properties, 6y~ = 6} and fx = 1 follow from S(8) = 6 and
e(0)=1.
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Schur-Weyl duality

Schur-Weyl duality is a relationship between the
representations of the symmetric group S, and the general
linear group GL(n, C).

The groups S, and GL(n, C) both act on the same vector space
®"V where V = C", the standard module of GL(n). The group
GL(n) acts diagonally:

IVI®---QVy) =gvV1 ® -+ ® gvp, g € GL(n).
The symmetric group acts by permuting the components.
W(Vi® V) =V 1; Q- Vi, weS.

The two actions obviously commute. The problem is to
decompose ®"V into irreducibles.
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Irreducibles of GL(n) and S,

Let X\ be a partition of r of length < n. Thus A = (A1, A2, -+, Ap)
where \{ > X\ > --- A\, > 0and >_ \; = r. Then X indexes both
an irreducible representation of S, and of GL(r,C).

The irreducible representations of S, are indexed by partitions

of r. We will denote the corresponding irreducible of S, as wf’.

The irreducibles of GL(n, C) are indexed by dominant weights.
A weight is a rational character of the diagonal subgroup; the
group of weights is in bijection with Z" as follows: if

A= (M, -, An), then Xis called dominantif Ay > --- > A,. In
particular, a partition of length < r is a dominant weight. Let
wa(”) be the corresponding irreducible.
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Irreducibles of GL(n) and S, (continued)

If G = GL(n) and X is a partition of length < n (hence a

dominant weight) then WSL(”) is the representation whose

character is the Schur polynomial s,, i.e.
tr(m5- () = (%, Xn)

X; the eigenvalues of g.
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Irreducibles of GL(n) and S, (continued)

The partitions X of r index the irreducible representations of S;.
One way of describing this indexing is as follows. If
A= (N, ,Ar) is a partition of r let

S)\:S)\1 x--'xSA,gS,.

Let )\’ be the conjugate partition. Then the induced
representations

indg (1), indﬁ;/(sgn)

have a unique irreducible constituent in common. Call this 7y".
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Schur-Weyl duality (concluded)

Then as a S, ® GL(n)-module, Schur-Weyl duality is the

isomorphism
o'V @ e,
Ar
This has many applications. There are no repetitions among
the representations that appear on either side, so this gives a

bijection between the representations of GL(n) that appear, and
the representations of S;.

In Jimbo’s generalization, GL(n) is replaced by Uy(gl,) and S;
is replaced by its Hecke algebra.

Before we explain the Hecke algebra we consider the braid
group.
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Coxeter groups

A Coxeter group W is a group with generators sy, - - - s, of order
2. Let n(i,j) be the order of s;. Since the s; have order 2 we
may write

Si§jSj -+ = §j§j§j- -
where there are n(i, j) factors on both sides. This is called the
braid relation. It is assumed that these relations

s£=1,  si§si-=SiSiSj -

are a presentation of W. For example S; a presentation with
generators s; = (i,i + 1) and relations

2
si=1,  SiSi415; = Si11S5iSi11

sisj=sjs;  if|i—j| > 1.
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The braid group of a Coxeter group

The braid group B associated with the Coxeter group W has
generators f; satisfying the braid relations but which are not
assumed to be of order 2. So we have a homomorphism

W — B mapping s; to {;.

For example The braid group B, of the symmetric group S; is
the Artin braid group generated by braids t;,--- ,f,_4. These
may be identified with isotopy classes of braids, embedding the
braid group in the Grothendieck group of the tangle category.
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Matsumoto’s theorem

We will need the following very important fact about Coxeter
groups. Let W be a Coxeter group with generators s; (called
simple reflections) and let w € W. A reduced expression or
reduced word is a representation of w as a product of simple
reflections that is as short as possible: w = s;; - - - ;.. Then if
w = s, - - - s; is another reduced word, Matsumoto’s theorem
asserts that second reduced word may be obtained from the
first by successive applications of the braid group. For example
in S; we have 515551535251 = $355515352S3 and:

212321 = 121321 = 123121 = 123212 =
132312 = 312132 = 321232 = 321323
Thus t;, -t =t --- 1 in the braid group.
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The braid relations

The braid relations for the Artin braid group correspond to
Reidemeister moves of Type Il

titip1 b = tipqtitipq, tity = it if i —j| > 1.

J1 A
b [

litip18i fiv1titiq
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Braid group representations

Braid group representations are an important topic.

We obtain braid group representations from the Yang-Baxter
equation. Let V be a vector space and R € End(V ® V) satisfy

Ri2R13R23 = Rz Ri3Ri2
in End(V ® V ® V). Then R = 7R satisfies
R12R23R12 = RozR12Ro3.

This means that if we define T; € End(®" V) to be the
endomorphism R; ;. 1, then the satisfy the braid relation

TiTiga Ti = Tigq TiTigq.
So there is a homomorphism B, — GL(® V¥) mapping t; — T;.


http://archive.numdam.org/article/SB_1999-2000__42__389_0.pdf
http://www.ams.org/journals/bull/1985-12-01/S0273-0979-1985-15304-2/
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The SL, R-matrix

Let us recall the Uy(sl2) R-matrix that we obtained in Lecture 6.
| have replaced g by g~ so this is actually the Ug-1(sl2)
R-matrix.

q

It is actually 7R that is the endomorphism of V @ V, where V is
the standard two-dimensional module. So we are concerned
with
q 1
TR = 9-9 1
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A generalization

Jimbo found a more general R-matrix for U,-1(sl,). Let

X1, -+, Xp be basis vectors of an n-dimensional vector space.
We will denote by Ej the rank one elementary transformation
that takes x; to x; and other basis vectors to zero. Let

Rq—ZqE,,®E,,+ZE,,®E,,+q )Y Ej®E;
I#j i<j

If n= 2, this is the same R-matrix as before. This is the
R-matrix for the n-dimensional standard module of the quantum
group Ug,-1(slp).
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The quadratic relation

Let R be the R-matrix for Uy(slz) or more generally the Ug(slr)
R-matrix found by Jimbo which contains the sl, R-matrix as a
special case. Then T = 7R satisfies a quadratic relation:

T2=(q-q )T +1,

as can easily be checked. As we will now explain, this implies
that the braid group representation that we have constructed
extends to a representation of the Hecke algebra of S, a
certain deformation of the group algebra C[S;].
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The Hecke algebra

Let W be a Coxeter group. The Hecke algebra #, (in one
normalization) has generators T; corresponding to the simple
reflections. They are assumed to satisfy the braid relations and
the quadratic relations

TP=(q-q ")Ti+1.
Ifwe W,letw=s; ---s; beareduced expression and define

Tw=TyTj.
By Matsumoto’s theorem this is well-defined. Moreover, it is not
hard to show that this is a basis of #4, which is therefore a
finite-dimensional algebra whose dimension is |W/|.
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Hq is a deformation of W

T; is invertible since
T(Ti—-qg+q ') =1, T ' =Ti—qg+q".

So we may map the braid group into the multiplicative group of
the Hecke algebra by t; — T;.

Note that if g — 1 then the quadratic relation becomes T,-2 =1,
so in the limit, the relations satisfies by the T; are the same as
the s;. Thus the Hecke algebra is a deformation of C[W].
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Hgq is ubiquitous.

The Hecke algebra arises in a remarkable variety of different
settings.

@ lwahori and Matsumoto showed the Hecke algebras of W
and of its (infinite) affine Weyl group appear as convolution
rings of functions on a p-adic group.

@ Howlett and Lehrer showed that the Hecke algebras
appear as endomorphism rings of induced representations
of finite groups.

@ Lusztig interpreted the Hecke algebra as the equivariant
K-theory of the flag variety.

@ Jimbo showed that %4 appears in a deformation of Schur
duality.

@ The Temperley-Lieb algebras in statistical mechanics are a
version of the Hecke algebra.
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Schur-Weyl-Jimbo duality

Now let V be the standard module for Uy(sl,) or more generally
Uq(sln). It is actually better to enlarge the quantum group a little
to obtain generally Ugy(gl,,), and the same R-matrix still works.

We have noted that we may obtain a braid group representation
T; € End(®" V) to be the endomorphism R; i, 1, then the satisfy
the braid relation

TiTiga Ti = Tigq TiTigq.
Since the T; satisfy the quadratic relations

TP=(q—q )Ti+1

this is actually a representation of the Hecke algebra. It
commutes with the action of Ug(gl,,), and in the limit g — 1
these two representations essentially reduce to the
representations of S, and GL(n) in Schur duality.
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Schur-Weyl-Jimbo duality (concluded)

If g is not a root of unity, then just as the irreducible
representations of GL(n) are parametrized by dominant
weights, so are those of Ug(gl,).

(This is not quite true: we have to specify how the group-like
generators K; act. We are ignoring this nuance.)

The irreducible representations of the Hecke algebra are, like
those of S;, indexed by partitions. And

@V @ ﬂ.)L\/q(E[n) ® ﬂ.z\'lq_
A
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