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Abstract

Weyl group multiple Dirichlet series were associated with a root system ® and a number
field F' containing the n-th roots of unity by Brubaker, Bump, Chinta, Friedberg and Hoffstein
[3] and Brubaker, Bump and Friedberg [4] provided n is sufficiently large; their coefficients
involve n-th order Gauss sums and reflect the combinatorics of the root system. Conjecturally,
these functions coincide with Whittaker coefficients of metaplectic Eisenstein series, but they
are studied in these papers by a method that is independent of this fact. The assumption that
n is large is called stability and allows a simple description of the Dirichlet series. “T'wisted”
Dirichet series were introduced in Brubaker, Bump, Friedberg and Hoffstein [5] without the
stability assumption, but only for root systems of type A,. Their description is given differently,
in terms of Gauss sums associated to Gelfand-Tsetlin patterns. In this paper, we reimpose the
stability assumption and study the twisted multiple Dirichlet series for general ® by introducing
a description of the coefficients in terms of the root system similar to that given in the untwisted
case in [4]. We prove the analytic continuation and functional equation of these series, and
when ® = A, we also relate the two different descriptions of multiple Dirichlet series given here
and in [5] in the stable case.

1 Introduction

Fourier-Whittaker coefficients of Eisenstein series on reductive algebraic groups G contain Dirichlet
series in several complex variables with arithmetic interest. Metaplectic groups, certain central
extensions of split G by n-th roots of unity, have Whittaker coefficients that contain Dirichlet
series that are “twisted” by n-th order characters. For example, nonvanishing of twists of GL(2)
automorphic forms by quadratic or cubic characters may be proved in this way. (See Bump,
Friedberg and Hoffstein [8] and Brubaker, Friedberg and Hoffstein [6].) Unfortunately, computing
these Whittaker coefficients on higher rank metaplectic groups yields intractable exponential sums.
So even though the resulting Dirichlet series inherits a Weyl group of functional equations, it is
extremely difficult to directly realize it as explicitly consisting of recognizable arithmetic functions.

Motivated by the theory of metaplectic Eisenstein series, one may attempt to construct Dirichlet
series in several complex variables with similar properties. In [3] and [4], a family of “Weyl group
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multiple Dirichlet series” are described using data consisting of a fixed positive integer n and
a number field F' containing the group o, of 2n-th roots of unity, together with a reduced root
system ®. The group of functional equations of these multiple Dirichlet series is similarly isomorphic
to the Weyl group W of ®.

Conjecturally, the Weyl group multiple Dirichlet series are Whittaker coefficients of metaplectic
Eisenstein series. To be precise, let G be a split simply-connected semisimple algebraic group whose
root system is the dual root system ®, and let CNJ(A) be the n-fold metaplectic cover of G(A), where
A is the adele ring of F, constructed by Kubota [11] and Matsumoto [13]. Let U be the unipotent
radical of the standard Borel subgroup of G. The metaplectic cover splits over U, and we identify
U(A) with its image in G(A). If o is a root of @, let 4, : SLy — G be the embedding corresponding
to a Chevalley basis of Lie(G). We consider the additive character ¢y : U(A)/U(F) — C such
that for each simple positive root «, the composite 1y o iq ! 11: is a fixed additive character
¥ of A/F; it is assumed that the conductor of ¥ is o, for any prime v ¢ S, where S is a finite set
of places to be described in further detail below.

Now let E(g,s1,- - ,S,) be an Eisenstein series of Borel type on G(A) The coefficient

Z(slv"'asr):/ E(’U,,Sl,“-’ST)wU(’U/)d’U/
U(A)/U(F)

is a multiple Dirichlet series whose group of functional equations is isomorphic to W. Conjecturally,
this is the same as the multiple Dirichlet series described in [3], [4], and [5].

This paper builds on the results of [4] and [5] as we will now describe. In [4], Weyl group
multiple Dirichlet series are defined for any reduced root system ® and shown to possess a Weyl
group of functional equations. However, the setting is specialized in two ways.

e We require that the integer n is “large enough,” depending on ®. We refer to this condition
as the “stability assumption.”

e The Dirichlet series is “untwisted” in a sense that will be made precise below upon comparison
with other examples.

With these assumptions, the Dirichlet series admits a simple description. We will denote the
coefficients of the Dirichlet series by H(C4,--- ,C}), where the C; are elements of the ring og of
S-integers, with S a finite set of places containing the archimedean ones and enough others that og
is a principal ideal domain.

e The coefficients exhibit a twisted multiplicativity. This means that the Dirichlet series is
not an Euler product, but specification of the coefficients is reduced to the specification of
H(p*,--.  pFr), where p is a fixed prime of o0g.

e Given (kyi,---,k,), the coefficient H(p*,--- p*r) is zero unless there exists a Weyl group
element w € W such that p — w(p) = >_ k;o, where p is half the sum of the positive roots
in ®, and a1, ,q, are the simple positive roots. If this is true, then H(p"”'l,n- ,p’“) is a

product of [(w) n-th order Gauss sums, where [ : W — Z is the length function.

We call the associated coefficients of the multiple Dirichlet series “untwisted, stable” coefficients
owing to the special restrictions above.



In [5], “twisted” Weyl group multiple Dirichlet series are studied using a rather different perspec-
tive. The twisted Dirichlet series involve coefficients that we will denote H(C1, -+ ,Cr;my, -+ ,m,.).
Roughly, these are twists of the original multiple Dirichlet series by a set of n-th order characters.
More specifically, if ged(Cy -+ C\,mq ---m,.) =1 we have

~llaa|? ~llar|?
my my
H(Cy, - ,Crsmy, -+ ,my) = | = R H(Cy,---,C), 1
(C1 my, - my) <Cl) (Cr) (€1 ) (1)
where || ]| is a fixed W-invariant inner product on V' and (—) is the n-th order power residue symbol.

Although the coefficients H(Cy,- - ,Cr;my, -+ ,m,) are thus roughly twists of the original
coefficients, this is only approximately true, since (1) fails when the m,; are not coprime to the C;.
It does, however, together with the twisted multiplicativity of the coefficients C;, to be described
below, allow us to reduce the specification of the coefficients to the case where the C; and the m;
are all powers of the same prime p. In [5] this was only accomplished when ® is of type A,, and in
that case, the description is only conjectural unless » < 2, or n = 2 and r < 5, or n = 1. In that
case, the following is observed, in [5] and in this paper.

e The existence of stable coefficients in correspondence with Weyl group elements described
above for H(p*1,---  p*) persist, but the support in terms of k; is changed. That is, with
m; = pli fixed and n sufficiently large, there are still |[W| distinct values (ki, - - , k) such that
H(p*, - pFriph ... plv) is nonzero, and the coefficient corresponding to w € W is still a
product of I(w) Gauss sums. But when [; > 0 the locations of the (k1,--- ,k,) parametrizing
these stable coefficients form the vertices of a larger polytope than in the untwisted case.

These coefficients will be called twisted, stable coefficients.

e If n is not sufficiently large, further nonzero coefficients appear inside the polytope whose
vertices are spanned by the stable coefficients. In [5], these coefficients are described as
products of Gauss sums parametrized by strict Gelfand-Tsetlin patterns. These coefficients
are given a uniform description for all n, but due to the properties of Gauss sums they can
vanish, and if n is sufficiently large, only the |IW| stable coefficients remain.

In the paper at hand, we will generalize the theory of [4] and prove a special case of a conjecture of [5]
by studying twisted, stable multiple Dirichlet series. More specifically, we explain the modifications
of [4] that are needed for the statements and the proofs in the stable twisted case. Moreover,
we will verify the consistency of this description with that in [5] by showing that the |W] stable
coefficients do agree with the Gauss sums of the “stable” strict Gelfand-Tsetlin patterns with
prescribed top row, depending on Iy, -- ,l.. The proof amounts to a combinatorial exercise. We
note that a general solution to the Gelfand-Tsetlin conjecture, that is, a proof that these Dirichlet
series possess functional equations in the case where n is not necessarily sufficiently large, remains
open.

In [4], the theory of Eisenstein series is suppressed, except for rank one Eisenstein series that
underlie the proofs. A direct definition of the series Z(s1,- - ,s,) is given, though it was arrived at
by considerations connected with Eisenstein series, including early versions of computations that
are included in [5], where the Whittaker coefficients of metaplectic Eisenstein series on GL3 were
worked out.

The relationship of the Eisenstein series with the twisted Dirichlet series may now be explained.

Given mq,--- ,m, € 0g, let Yy : U(A)/U(F) — C be such that ¢y ., ia, ( 1 :lc ) has conduc-



tor p°rdr (™) for each prime p of 0. Then (conjecturally)
Z(sla oy Spy T, 7mr) - / E(u,51,~ te ;57’) wU,m(u) du.
U(A)/U(F)

Evidence for this description may be found in the GL3 computations in [5], but in this paper, we fol-
low [4] in giving an axiomatic description of the Dirichlet series, and prove its analytic continuation
and functional equation without explicit reference to Eisenstein series. Again, a direct approach
to these Dirichlet series based on Eisenstein series leads to combinatorial complications that we
are able to avoid by the present approach. It should be understood, however, that the Eisenstein
series on the n-fold metaplectic cover of SLo, whose functional equations were originally proved by
Kubota [12] following the methods of Selberg and Langlands, underlie the proofs.

This work was supported by NSF FRG Grants DMS-0354662, DMS-0353964 and DMS-0354534.

2 Preliminaries

2.1 Weyl group action

Let V' be a real vector space of dimension r containing the rank r root system ®. Any o € V may
be expressed as o = 22:1 b;«a; for a basis of simple positive roots a; with b; € R. Then we define
the pairing B(a,s) : V x C" — C for « € V and s = (s1,...,8.) € C" by

Bla,s) =Y b;s;. (2)

Note that B is just the complexification of the usual dual pairing V x VV — R, but we prefer the
definition above for the explicit computations of subsequent sections.

The Weyl group W of ® has a natural action on V' in terms of the pairing. For a simple reflection
04 in a hyperplane perpendicular to o we have o, : V. — V given by

oo() =2 — B(r,0") a

where o is the corresponding element of the dual root system ®V. In particular, the effect of o;

on roots o € P is
2{a, ;)

(i, )

(679 (3)

O Q= Q—

where ( , ) is the standard Euclidean inner product.

We now define a Weyl group action on s € C". We will denote the image under this action by
w(s). Let p¥ be the Weyl vector for the dual root system, i.e. half the sum of the positive coroots.
Identifying V¥ with C" we may take

pV = (1,1,...,1). (4)

The action of W on C” is defined implicitly according to the identification

B <wa,w(s) _ ;pv) _B (a,s - ;pv> . (5)

For simple reflections, we have the following result ([4], Prop. 3.1).



Proposition 1 The action of o; on 8 = (81,...,8,) according to (5) is given by:

2 (e, o 1 .
SjHSj—W(%—Q), j=1,--,r (6)
In particular, s; — 1 — s;. Note also that
J2eod) S g
<O[1‘,Oéi>

2.2 Two Lemmas Using Root Systems

In this section, we give two lemmas concerning root systems which will be used in proving local
functional equations. Let ® be a reduced root system of rank r. Recall that A € V is a weight if
2(\,a)/(a,a) € Z for all @ € ®, and the weight is dominant if 2 (\, @) / (o, ) > 0 for all « € O+.
It is well-known that p is a dominant weight; in fact it is the sum of the fundamental dominant
weights ([7], Proposition 21.16).

Let e1,...,&, be the fundamental dominant weights, which satisfy
2 iy (g
2eiay) =0;; (0;; =Kronecker delta.) (7)
(o, )

Let Aweight be the weight lattice, generated by the €;. It contains the root lattice Aot generated
by the a;.
We will fix non-negative integers I, --- , 1, and let A = 3" l;e; be the corresponding weight.

Lemma 1 Letw e W.
(i) The cardinality of ®,, is the length l(w) of w.
(ii) Express p+ A —w(p+ \) as a linear combination of the simple positive roots:

P+)\—w(/)+)\):zk‘i04i- (8)
i=1

Then the k; are nonnegative integers.
(1it) If w,w' € W such that p+ X —w(p+A) =p+A—w'(p+ ) then w =w'.

Proof Part (i) follows from Proposition 21.2 of [7]. For (ii), note that the expression (8) as an
integral linear combination is valid by Proposition 21.14 of [7]. To show that this is a non-negative
linear combination, note that p 4+ A lies inside positive Weyl chamber, as the [; used to define A are
non-negative. Hence, in the partial ordering, p+ A = w(p+ A) for all w € W, and the claim follows.

For (iii), we again use the fact that p + X is in the interior of the positive Weyl chamber, so
w(p +A) = w'(p + A\) means that the positive Weyl chamber is fixed by w~w’ which implies

wlw' = 1. O

Define the function dy on ®* by

_2{p+Xa)

d(a) = = B(p+\aY). 9)

(o, @)
Lemma 2 We have dy(a) € Z7 for all « € ®T, and dx(«;) = I; + 1 if a; is a simple positive root.

Proof This follows from (7), expressing p as the sum of the fundamental dominant weights. O



2.3 Hilbert symbols

Let n > 1 be an integer and let F' be a number field containing the n-th roots of unity. Let S be
a finite set of places of F' such that S contains all archimedean places, all places ramified over Q,
and that is sufficiently large that the ring of S-integers og is a principal ideal domain. Embed og
in Fs = [],cg Fo diagonally.

The product of local Hilbert symbols gives rise to a pairing ( , )g : F& X F& — p, by
(a,0)s = [],es(a,b)y. A subgroup Q of Fg is called isotropic if (¢,0)s = 1 for £,6 € Q. Let Q
be the subgroup 0§FSX’”, which is maximal isotropic. If ¢ is a positive integer, let M;(€2) be the
vector space of functions U : Fi\ — C that satisfy

U(ee) = (c,e)5"¥(c), (10)

when e € Q. We denote M;(Q2) by M(Q2). Note that if ¢ is sufficiently close to the identity in Fg;
it is an n-th power at every place in Sgy,, so such a function is locally constant. It is easy to see
that the dimension of M(Q) is [F& : Q] < oo.

2.4 Gauss sums

If a € 0g and b is an ideal of 0g let (&) be the nth order power residue symbol as defined in [4].
(This depends on S, but we suppress this dependence from the notation.) If a,c € 05 and ¢ # 0, and
if t is a positive integer, define the Gauss sum g¢;(a,c) as follows. We choose a nontrivial additive
character 1) of Fs such that ¢(xog) = 1 if and only if z € 0g. (See Brubaker and Bump [2],
Lemma 1.) Then the Gauss sum is given by

aiwo= 3 (L) v (). (1)

d mod ¢

We will also denote ¢ (a,c) = g(a,c).

2.5 Kubota Dirichlet series
If & € M;(Q), the space of functions defined in (10), let

Di(s,W,a)= Y gila,c) ¥(c)N(e)™
0#c€ogs /oy

We will also denote Di(s,V¥,a) = D(s,¥,a). Here N(c¢) is the order of og/cog. The term
gi(a,c) U(e) N(c)~2* is independent of the choice of representative ¢ modulo S-units. It follows
easily from standard estimates for Gauss sums that the series is convergent if R(s) > 2.
Let
—2(n—1)s,,2ns = J
Gn(s) = (2m) n L[l r (25 1+ n) . (12)

In view of the multiplication formula for the Gamma function, we may also write

—(n— s— F(n(2s — 1))
Go(s) = (2m)~ ("7 DE l)m



Let
D (s,¥,a) = Gm(s)[F‘Q]/2 Cr(2ms —m +1) Di(s, ¥, a), (13)

where m = n/ged(n,t), 1[F : Q] is the number of archimedean places of the totally complex field
F, and (g is the Dedekind zeta function of F.

If v € Shy let g, denote the cardinality of the residue class field o, /p,, where o0, is the local ring
in F, and p, is its prime ideal. By an S-Dirichlet polynomial we mean a polynomial in ¢, * as v
runs through the finite number of places in Sgy.

If ¥ € M(Q) and € F& denote

¥, (c) = (1,0)s T(e ). (14)

It is easy to check that W, € M(Q) and that it depends only on the class of 7 in F&/Fg™"
Then we have the following result, which follows easily from the work of Brubaker and Bump [2].

Theorem 1 Let ¥ € My(2), and let a € 0g. Let m = n/ged(n,t). Then Df(s,¥,a) has mero-
morphic continuation to all s, analytic except possibly at s = % + ﬁ, where it might have simple
poles. There exist S-Dirichlet polynomials Pf](s) that depend only on the image of n in Fg /an
such that
D;(s,¥,a) =N(a)' > > Pl (s)D;(1—s,¥,,a). (15)
neEFS /FE™

This result, based on ideas of Kubota [12], relies on the theory of Eisenstein series. The case
t = 1 is to be found in [2]; the general case follows as discussed in the proof of Proposition 5.2 of
[4]. Importantly, the factor N(a)!~2% does not depend on t.

2.6 Normalizing factors

As a final preliminary, we record the zeta and gamma factors that will be needed to normalize the
Weyl group multiple Dirichlet series. These will be used to prove global functional equations.

Let ® be a reduced root system of rank r, with inner product {( , ) chosen such that ||a|| =
v/ (a, @) and 2{«, ) are integral for all o, 8 € ®. Let

n(a) =

_n
ged(n, [lal?)”

If ® is simply-laced, then we may take all roots to have length 1 and then n(a) = n for every o € ®.
If ® is not simply-laced but irreducible, and if ( , ) is normalized so that the short roots have
length 1, then

(16)

if « is a short root,

if a is a long root and ® # G5, and n is odd
if a is a long root and ® # G4, and n is even
if o is a long root and ® = G, and 3t n

if a is a long root and ® = G, and 3|n.

n(a) =

wz S 3 3

If « is a positive root, write « = Y k;a; as before. Let

Cals) = (1 + 2n(a Zk - ) =(r (1 +2n(a) B (a,s ~ ;N)) : (17)



Also let

Gals) = W( +Zk< )) G (;—i—B(a,s_;pv))’

where G, (s) is defined as in (12). Define the normalized multiple Dirichlet series by

o [gene

acdt

)| Zw(s). (18)

3 Stability Assumption

All of our subsequent computations rely on a critical assumption that n, the order of the power
residue symbols appearing in all our definitions, is sufficiently large. This dependence appears only
once in the section on global functional equations, but is crucial in simplifying the proof that the
multiple Dirichlet series can be understood in terms of Kubota Dirichlet series. This dependence
is also crucial in making the bridge between Weyl group multiple Dirichlet series and those series
defined by Gelfand-Tsetlin patterns.

Let 0; € W be a fixed simple reflection about «; € ®. Let mq,- -, m, be fixed. For p a prime,
let I; = ord,(m;). (For convenience, we suppress the dependence of I; on p in the notation.) Let

=1

Stability Assumption. The positive integer n satisfies the following property. Let « = >\, t;c;
be the largest positive root in the partial ordering. Then for every prime p,

n > ged(n, [[a[?) - dx, (@) = ged(n, [|o][*) Zt li+1) (20)

Note that the right-hand side of (20) is clearly bounded for fixed choice of my,--- ,m,. We fix an
n satisfying this assumption for the rest of the paper.

For example, if ® = A, and the inner product is chosen so that that ||a|| = 1 for each root «,
the condition (20) becomes n > >._, I,
4 Definition of the twisted multiple Dirichlet series
Let M(2") be as in [4], and let ¥ € M(Q"). We will define

Z‘IJ(Slu"' s Spy My, - - 7mr) = Z H\IJ(Cly"' s Cpy Mgy - 7mr) NC;QSl "‘NC;QST, (21)

where the coefficients H will be described next; as in [4], the product
\11(017"' aCT;mla"' ,m,,«) = H(Olv" ! 707«;77117"‘ 7m7‘) \1/(017 aCT)

will be unchanged if C; is multiplied by a unit, so (21) can be regarded as either a sum over
C; € vg/og or of the ideals ¢; that the C; generate.



It remains to describe the twisted coefficients H. If
ged(Cy -+ C,, O - CL) =1, (22)
then

H(OICL aCTO;«;mla"' 7m7") _
H(Clv"' acr;mla"' 7m7“) H(Civ 7C;;m17"' 7mr) B

r C; e |1 Vol flos )1 c, 2(ai,ay) cr 2(as,)
() (&) Oe) @) @3

Moreover if ged(mf ---m!.,Cy ---C,.) =1 we will have the multiplicativity

™)

H(Cl7"'aCT;mlmllv"'7m’r‘mflr) =
m} —llea||? m! —|lar||?
s U H(CYy, - ,Crima, -+ ,my). 24
(Cl ) (Cr> ( 1, ) mi m ) ( )
Equations (23) and (24) reduce the specification of the coefficients H(Cq,---,Cr;my, -+ ,m;) to
those of the form H(p*t,---  p*r;p't ... p') where p is a prime. To give these, let ®,, be the set of

all positive roots « such that w(a) is a negative root. The cardinality of ®,, is equal to the length
l(w) of w in the Weyl group. Then we define

H(pk17 e 7pkr;pl17 e 7plT) = H gHO‘H?(pdkp(a)_apdxp(a)% (25)
acd,y,

where dy, () is given by (9).

5 Local computations

In this section, we analyze our multiple Dirichlet series coeflicients at powers of a single fixed prime
p, and show that they contain Gauss sums. These will be used to form Kubota Dirichlet series in
the next section.

For the remainder of this section, let Iy, --- , 1. be fixed non-negative integers, and let

A= zr: li&‘i
i=1

as in the previous section.

We recall that on prime powers, the choices of k; for which H(p*, ... pFriplt ... plr) is
non-zero are in one-to-one correspondence with elements w € W, the Weyl group. We say that
(k1,--+ k) € Z" is associated to w € W with respect to X if (8) is satisfied; in this case, we write

(k1,- -+ , k) = assocy (w).

The following results are generalizations of Propositions 4.1, 4.2 of [4].



Proposition 2 Let w € W be such that [(o;w) = l(w)+1. Suppose that assocy(w) = (k1, - , k) €
Z" and assocy(o;w) = (hy,- -+ ,h,). Let dy = dy(w™ta;) in the notation (9). Then

kit+dx ifj=1i;
h; = IR 26
R )
and
Hp", . p") = gja,2 (0™~ p™) HPM . p™). (27)
Proof This is proved similarly to Prop. 4.1 of [4], but replacing p by p+ A and d by d,. O

Proposition 3 Let dy = dy(w™ (o)) and let l1,...,l. be fived as above. For any w € W, the
monomial in the r complex variables s = (s1,...,S;)

Np(si~ 3)(dr=1;—1) H Np2B(p+A=w(p+A).s)

acd,,
is invariant under the action of o; given in (6).

Proof The statement is equivalent to showing that
2l — 1= Doi+p+ A~ w(p+3) (28)
is orthogonal to «;. Hence, it suffices to show (28) is fixed by o, i.e.,
agilp+ ) —aw(p+ ) = (dy—1; — Da; + (p+ ) —w(p+ N). (29)

Since p+ A —oi(p+A) = (1 +1;)oy; we can write (29) as w(p+ \) — oyw(p+ A) = dxae, and indeed
applying the definition (9)

2(wtag, p+ X) 2 {ag, w(p+ N))

A <Oéi,06i> “ <Oéi,Oéi> “ w(p+ ) 7 w(p+ )

6 Preparing the global Dirichlet series

We preserve the notations above. In particular, my,--- ,m, are fixed integers with corresponding A,
defined for each prime p as in (19). In our local computations, we showed a connection between the
prime-power coefficients H (p*t,--- ,p*r) associated to pairs of Weyl group elements w and o;w for
a fixed simple reflection o; and Gauss sums. The next step is to translate this into a global notion.
Once the correct definitions are given, it turns out to be relatively straightforward to generalize the
proofs in [4], so we will omit many proof details which follow by very similar methods to [4].

In [4], the notion of admissibility for r-tuples of integers (Cy,---,C,) in (0g)" was defined. We
generalize this in the following definition.

10



Definition 1 We say that (Cy,---,C.) in (0g)" is admissible with respect to X\ if, for each
prime p, there exists a Weyl group element w, € W such that

(ordy,(Cy), -+ ,ord,(C)) = assocy, (wp).
For such (Cy,---,C,), we say that C; is i-reduced if, for every p, we have l(o;w,) = l(wp) + 1.

We note that if Cy,...,C, are nonzero elements of og, then (C1,...,C,) is admissible with
respect to A if and only if H(Cy,...,Cr;mq,...,m,) # 0. This is immediate from the definition
of H.

We have the following results.

Proposition 4 Let Cy1,--- ,Ci—1,Ci41,- -+, Cy be nonzero elements of og. If there exists a C; such
that (C1,--- ,Cy) is admissible with respect to X, then there exists a C| (modulo the action of 0§ )
that is i-reduced. This C, divides C; and is uniquely determined up to multiplication by a unit.
Moreover, for each prime p, if w; 1s determined by the equality

(Ordp(cl)a t 70rdp(cz{)a t 70rdp(c7“)) = (klv T >k7“) = assocCy,, (w;)v
then either ord,(C;) = k; or ord,(Ci) = ki + dx, where dy = dx((w),) ™" oy).

Proof The proof is similar to Proposition 5.2 of [4], replacing admissible by admissible with respect
to A and d by dy. O

The multiple Dirichlet series is built out of H-coefficients of the form H(Cy,...,Cr;myq,...,m;)
satisfying the multiplicativity relation (24). However, for convenience we will suppress the m;’s from
the notation. By Proposition 4, Zy(s1,--+ ,s,) =

= 3 NGy - -NC;2 H(Cy, -, C) > (D, Cl!”
0#C; €o0z\os 0#£D€oi\og
1<jisr
Ci,---,C, admissible w.r.t. A
C; t-reduced
H(C1,Cy,--, DGy, -, Cy) 2(ay,a5) ,C1,,C —2s;
D,Ci)g T (D) ND ™29 30
H(Cl,CQ,"'7Ci,"',C7~) g( ])S ) ( ) ( )
where we define
V(D) = W(Cy, ..., CiD, ..., Co)(D, C) 5 (D, ¢j) g2 (31)
§>i
to emphasize the dependence on D for fixed parameters C1,...,C, in the inner sum. We recall

Lemma 3 ([4], Lemma 5.3) Let C1,...,C, be fized nonzero elements of og. Then with the no-
tation (31), the function W< ¢ Mija, 2 (52).

One can now show that the inner sum in (30) is a Kubota Dirichlet series. The key is to identify

the quotient of H’s and Hilbert symbols in (30) as a Gauss sum. If the C; and D are powers of a
single prime p, this is (27), which is generalized in (33) below.
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Lemma 4 Fiz an integer i € {1,...,r} and integers (mq,...,my). If (C1,...,C;) € 0% is admis-
sible with respect to \ with C; i-reduced, then

B; = H C;2<aj7ai>/<aivai> (32)
j=1
is an og integer and for every D € og we have

H(Cy,...,DCy,...,Cy)
H(Ch,....Ch)

g 2 2(a;,a)
(D,C) 1 TTD, )™ = gja 2 (miBi, D). (33)

J>i
Moreover for each prime p of og we have
ordy(B;) = dy, (w, ') — I; — 1, (34)
where A, corresponds to the m; as in (19), and wy, is determined by the condition
assocy, (wp) = (ord,(Cy),- -+ ,ord,(C;)).

The proof of this is similar to Lemma 5.3 of [4], with modifications similar to those above, and
is omitted.

Using Lemmas 3 and 4, we may rewrite the Dirichlet series Zy(s1,...,s,) in terms of a Kubota
Dirichlet series in the variable s;.

Proposition 5 With notations as above, we have

Z\p(81, v ,ST) =
ch2sl N072STH C C\)D ) \Ilcl""’cT B,
1 r ( 1y--es 7") ||o¢,-\|2(513 i y T Z)7
0 # Cj S Os/oé
(C1,-++,C) admissible w.r.t. A

C; i-reduced
where, for fized Cy,--- ,C,, the coefficient B; is defined in (32).

Proof We have already rewritten the Dirichlet series Zg(s1,...,s,) in equation (30) in terms
of sums over Cj, j = 1,...,r with C; i-reduced. The proposition then follows immediately from
the previous two lemmas and the definition of D;(s, U, C) for S-integer C and ¥ € M;(2), where
t = ||l O

7 Global functional equations
Using Proposition 5 as our starting point, we are finally ready to prove functional equations cor-

responding to the transformations o; defined in (6), for each ¢ = 1,--- ;7. First we recall some
notation from [4].

12



Let A be the ring of (Dirichlet) polynomials in ¢2%1, ..., ¢F?" where v runs through the

finite set of places Sgn, and let M = A @ M(Q"). We may regard elements of 9 as functions
U : C" x (F§)" — C such that for any fixed (s1,...,s,) € C" the function

(C1,Cq,y...,C) — U(s1,...,8;C1,...,Cp)
defines an element of M(Q"), while for any (C4,...,C,) € (FS)", the function
(81, 8r) — U(s1,...,8:5C1,...,Cp)

is an element of A. We will sometimes use the notation

U (Ch,...,C) =T(s1,...,85C1,...,C}), s=(s1,...,8.) € C". (35)
We identify M(Q") with its image 1@ M(Q") in 90; this just consists of the U that are independent
of s € C".

The operators o; on C" are defined in (6). Define corresponding operators o; on 9t by
(0:Us)(Cy, -+ ,C’T) = (oi\I/)(sl,- -8 C1 e, CL) =

> el 1o 00050y Py, (51)

neEFY JFS™ J>i
\I/(O'i(81, o aS’r‘); Cla 027 e 777_1Ci7 e 70’1”) (36)
where, as in (32),
Bi — HCJ 2 0) [ 0q) _ ~—2 HC (a,005) Oé“a.;>.
J JF£

We have arranged this definition to give a clean formulation of the functional equations. Note
that the Dirichlet polynomials P are associated to nth power classes which depend on the fixed
parameter m; in (mq,--- ,m,), though we suppress this from the notation for the action o; on 9.

Proposition 6 If UV € M, then ;¥ is in M.

Proof See [4], Prop. 8, for a proof (replace all instances of Cj there by m; B; to obtain the present
result). O

Each functional equation corresponding to o; € W is inherited from a functional equation for
the Kubota Dirichlet series appearing in Proposition 5. These functional equations are formalized
in the following result.

Lemma 5 Given an element Ws(C4,...,C,) € M, we have
Dﬁai”2(5iy \Df17...7cra mZB’L) = N(szz) 1-28i DHa 12 (1 — S4, (O'z\I/)Cl,...7cr,miBi),

where D}, 2 is as in (13).

13



Proof This follows from (15). To check the way in which the ¥ function changes under the func-
tional equation, this follows from the definition in (36) as in Lemma 5.7 of [4], with the substitution
Cy = m;B; in every instance it appears. U

Let 2 denote the group of automorphisms of 9 generated by o;. This will turn out to be
the group of functional equations for the multiple Dirichlet series. The natural homomorphism
W — W gives an action of 2 on C" induced by the action of W, and if w € 20 we will denote by
ws the effect of w on s € C” in this induced action. Further, recall the definition of n(«) for o € ®
given in (16) by

(@) -
n(a) = ———.
ged(n, [|e[?)
Theorem 2 The function Z},(s;mq,...,m,) has meromorphic continuation to the complex space
C". Moreover, for each w € 2 we may identify w with its image in the Weyl group and writing
w =0y, -0}, as a product of simple reflections, Zy,(s;m1, ..., m,) satisfies the functional equation
1o )ss,)
—2(0j, 05, Sj.
Zng(ws;my,...,my) :Hmji e e (symay ... my) (37)
i=1

where the action of w on M is similarly given by the composition of simple reflections o;. It is

analytic except along the hyperplanes B(w;s — %pv) = #@, where o runs through @, %pv =
(%, ceey %), and B is defined by (2); along these hyperplanes it can have simple poles.
Observe that the equation B(—a«;s — %pv) = #@ is equivalent to B(a;s — %pv) = 7#@, SO

the polar hyperplanes occur in parallel pairs.

Proof The proof is based on Bochner’s tube-domain Theorem. We sketch this argument below,
and refer the reader to [3] where the case ® = Aj is worked out in full detail, and to [4] where a
similar argument to the one below is applied for (mq,---,m,) = (1,---,1).

From the standard estimates for the Gauss sums and Proposition 5, it follows that the original
Dirichlet series defining Zy is absolutely convergent in a translate of the fundamental Weyl chamber,
denoted

3
Aoz{s:(sl,n-,s,,) | ?R(sj)>1, jzl,---w}.

Using standard growth estimates for the Kubota Dirichlet series, one sees that the expression in
Proposition 5 is analytic in the convex hull of Ag U o;Ag, which we will denote by A;. On this
region, we claim that for the simple reflection o; one has

Zyw(0i8) = N(m;)' 72 Zj (s).

Recalling the effect of the transformation o; on C” from (6), we note that the Kubota Dirichlet series
appearing in Proposition 5 is essentially invariant under this transformation by Lemma 5, with the
implicit ¥ function mapped to the appropriately defined o; ¥. That is, the Kubota Dirichlet series
functional equation produces a factor of N(m; B;)!~2%. Thus, it remains to show that for each of the
r-tuples (Cy,---,C,) that are admissible with respect to A with C; i-reduced, the corresponding
terms on the right-hand side of Proposition 5, multiplied by N(miBi)l/ 2% gre invariant under

14



s — 0;(8) given explicitly in (6). This follows from Proposition 3, since with our definitions, when

Cq,---,C, is admissible with respect to A and C; is i-reduced,
Ncl—Qsl . .NCT—2ST — H H Np—2B(p+/\—w(p+/\),s)
p acd,
and, by (34)

NB; = Nmj ' [ Npbe (0 o)=L,
P
Finally, regarding the normalizing factor, one factor G, (8)(a,(s) from (18) is needed to normalize
D'Tai‘lz(si7 \Ilicl""’c"', Cy) in Proposition 5; the remaining factors are permuted amongst themselves
since o; permutes ®* — {a;}.

Arguing as in [3] we obtain analytic continuation to any simply-connected region A’ that is a
union of W-translates of the A; obtained by composing functional equations. We may choose A’ so
that its convex hull is all of C". The meromorphic continuation to all of C” follows from Bochner’s
tube-domain Theorem (Bochner [1] or Hérmander [9], Theorem 2.5.10). As in [3], one actually
applies Bochner’s theorem to the function

oo T (o (o) 515

acd

since inclusion of the factors to cancel the poles of Zy gives a function that is everywhere analytic.
O

We have not proved that the natural map 20 — W is an isomorphism. It is highly likely that
this is true, but not too important for the functional equations as we will now see. We recall from
the introduction that we defined 9’ to be the quotient of 9t by the kernel of the map ¥ —— Zy.

Corollary 1 If w € 20 is in the kernel of the map 2 — W then Zy = Zyw. Thus there is an
action of W on 9 that is compatible with the action of 2 on M.

Proof Since such a w acts trivially on C”, (37) implies that Z¢ and Z,¢ are multiple Dirichlet
series that agree in the region of absolute convergence. Hence they are equal. O

Thus Zg can be regarded as depending on ¥ € 9, on which W acts, and so W can truly be
regarded as the group of functional equations of the Weyl group multiple Dirichlet series. This
completes the generalization of results from [4].

8 The Gelfand-Tsetlin pattern conjecture

In this section, we turn to the case & = A, that was investigated in [5]. In this section ® = A,
and |laf| = 1 for all roots a. We will then show that the multiple Dirichlet series constructed
above (now known to have a group of functional equations according to Theorem 2) are in fact the
same as the multiple Dirichlet series given in [5] via a combinatorial prescription in terms of strict
Gelfand-Tsetlin patterns.
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Let us recall the description of these Weyl group multiple Dirichlet series in [5]. Recall that a
Gelfand-Tsetlin pattern is a triangular array of integers

aoo ao1 ap2 te aor
a11 ai2 a1r

T = . : (38)
Qopy

where the rows interleave; that is, a;—1j—1 > a;; > a;—1,;. The pattern is strict if each row is strictly
decreasing. The strict Gelfand-Tsetlin pattern ¥ in (38) is left-leaning at (i,7) if a;; = a;—1 -1,
right-leaning at (1, j) if a; ; = a;—1,j, and special at (i,7) if ;1 j—1 > a;; > ai—1,5-

Given a strict Gelfand-Tsetlin pattern, for j > ¢ let

T T
Sij = Zaik - Zai—l,ka (39)
k=j k=j

and define
Npsii if ¥ is right-leaning at (4, j),
o g(piai=1t psis) if T is left-leaning at (4, j),
v(i.j) = Np*i (1 —Np~1) if (4,7) is special and n|s;;;
0 if (¢, ) is special and n { s;;.
Also, define

G = [ 5. (40)

jzi>1

Given non-negative integers k;, [;, 1 < ¢ < r, and a prime p, we define the p-th contribution to the
coefficient of a multiple Dirichlet series by

Her(@™ -+ p*iph, - 0 =D G(9) (41)
T

where the sum is over all strict Gelfand-Tsetlin patterns ¥ with top row
L+...+L+rl+...+L+r—1,---,1,+1,0

such that for each 7, 1 <14 <,

T

Z(aij — 0,073‘) = kz (42)

j=i
Note that (k1,--- , k) = k(%) in the notation of [5]. The general coefficient of the multiple Dirichlet
series, Hop(Cy, -+ ,Cr;mq, -+ ,m,), is then defined by means of twisted multiplicativity as in (23),

(24). In [5] we conjecture that these multiple Dirichlet series have meromorphic continuation and
satisfy functional equations. We prove this below for n satisfying the Stability Assumption.

We begin by relating the Stability Assumption to the Gelfand-Tsetlin patterns. We recall
from [5] that a strict Gelfand-Tsetlin pattern is stable if every entry equals one of the two directly
above it (unless, of course, it is in the top row). If the top row is fixed, there are (r + 1)! strict
stable patterns.
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Proposition 7 Suppose that the Stability Assumption (20) holds. If T appearing in the sum (41)
is not stable, then G(%) = 0.

Proof Suppose that ¥ is special at (4, j) and that (20) holds. Recall that s;; is given by (39). Since
air > ai—1 for all k >4 and a; ; > a;—1; it follows that s;; > 0. Similarly, since a;x < a;—1,k—1
for all k >4 and a;; < a;—1,j—1, it follows that

T T r s
Sij = E Qi — E ai—1k < g Qi—1,k—1 — E Ai—1k = Qi—1,j—1 — QGi—1,r-
k=7 k=3 k=j k=7

Since each entry of ¥ is at most iy +--- 4 [, +r, it follows that s; ; < n. But then 0 < s;; < n, and
this implies that n does not divide s;;. Hence (i,7) = 0, and G(%) = 0, as claimed. O

We identify the A, root system with the set of vectors e; — e; with i # j where
e;=(0,---,1,---,0) € R, 1 in the i-th position.

The simple positive roots are a; = e; — e;;1. The root system lies in the hyperplane V of R"+!
orthogonal to the vector ) e;. Particularly p = % > aca+ @ and the fundamental dominant weights
g; are given by

T r T
= 777_15"'a_7)7 i — 17"'71a0a"'a0 _717"',17
r=(53% ) = )=~ D)

where in the definition of €; there are ¢ 1’s in the first vector. The action of W = S,.;1 on vectors
in R"™+1 is by
w(ty, to,tz, -, trg1) = (Lw-101)s tw-1(2)> bw-1(3)s tw-1(4), "+ » tw—1(r41))-

Suppose that ¥ is a strict Gelfand-Tsetlin pattern with ag,, = 0. We may find nonnegative integers
l; so that the top row of the pattern is

with
k) =k+lL ji1+- 4L, 1<k<r,  10)=0.

Thus ap; = I(r — j). Let A = > lig;. We call X the dominant weight associated with T. We will
associate a Weyl group element w € W with each ¥ that is stable in the next result.

Proposition 8 Let ¥ be a stable strict Gelfand-Tsetlin pattern with ag, = 0, and with associated
dominant weight vector A. Define nonnegative integers ky, - -+ , k. by (42) and also let k.11 = kg = 0.
Then there exists a unique element w € W = S, 1 such that

prAX—w(p+N) = (ki,ky — ki, k3 — ko, -, —k;) = Zkiai~ (44)

In fact, for 0 <i<r
ki — ki1 +10r—i) =1(r+1—wt(i+1)) (45)

is the unique element in the i-th row that is not in the (i + 1)-th row. We have

pHA—wlp+A) =
(I(r) =1(r+1—=w (1), ---,10) = I(r+1—w (r+1))). (46)

17



Proof Let R be the top row (43) of . With A = > l;¢; the vector p + A differs from the top row
(43) by a multiple of (1,---,1), which is canceled away when we compute p + X — w(p + A). Thus
it is equivalent to show that R — w(R) = Y k;«a; for a unique permutation w € S,41, or in other
words, that R — > k;«; is a permutation of R. By (42)

ki —kipr +10r—i) =k — kg +aos = | Y aig | = | D i1,
=i je=it1

Remembering the pattern is stable, the terms in the second sum may all be found in the first sum,
SO
k; — ki+1 + l(’l" — Z) = a;j,

where a;; is the unique element of the i-th row that is not in the (i + 1)-th row. Now (46) and (45)
are also clear. O

We now develop some facts necessary to compare the Gelfand-Tsetlin multiple Dirichlet series
to the Weyl group multiple Dirichlet series in the twisted stable case.

Lemma 6 Let ¥ be a stable strict Gelfand-Tsetlin pattern with ag. = 0. For j > 1, we have

{ajj aj 41, 5 ajr}
{kj —kjpr +Ur —4) kjsr —kjpo +Ur —j — 1), kpoy — ke +1(1), k- +1(0)}
{r+1—w G+ +1—w G +2), - dr+1—wt(r+1)}

Proof The statement follows by induction from the fact that k; — k;11 + I(r — ¢) is the unique
element of the i-th row that is not in the (i — 1)-th row. O

For w € S,41, an i-inversion is a j such that i < j <7+ 1 but w(i) > w(j).
Proposition 9 Let T be a stable strict Gelfand-Tsetlin pattern with ag, = 0, and let w € S,41 be

associated to T as in Proposition 8. Then the number of i-inversions of w™' equals the number of
left-leaning entries in the i-th row of X.

For example, let w™! be the permutation (143), and take A = 0. We find that p — w(p) =
(3,0,—2,—1) = 3a1 + 32 + a3 and so the corresponding Gelfand-Tsetlin pattern is the unique
pattern with (k1, k2, k3) = (3,3,1). This pattern is

3 2 1 0

[J)Y
D>
—>

3 1 ’
1

where we have marked the location of the left-leaning entries. The number of i-inversions of w™!
is:

i-inversions of w~! | number

7

1) (1,2),(1,3),(1,4) 3
2 (2,3) 1
3 none 0
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As Proposition 9 states, the number of i-inversions of w™! determines the number of left-leaning
entries in the i-th row; since the i-inversions are obviously forced to the left in a stable pattern,
this number is also the location of the last left-leaning entry.

Proof The i-th row, together with the rows immediately above and below, are:

Ai—1,i—1 Ai—1,4 Aj—1,i4+1 te Aj—1,r—1 Ai—1,r
Qj g Qg i4+1 ce i r—1 Q;
Ai41,i4+1 Ai41,i42 ce Qiy1,r

If we assume that there are exactly m left-leaning entries in the i-th row, then
g = Qi—14i-1,""" Qi itm—1 = Qi—1,i—24+m (47)

while
Qi i+m = Qi—14i4m, """ 5 Ajr = Ai—1,r- (48)

The number of i-inversions of w™! is the number of elements of the set
{wil(i +1),--- 7ufl(r +1)}

that are less than w1 (4). Since the function [ is monotone, this equals the number of elements of
the set

{lr+1—w i+ 1)), l(r+1—w ' (r+1))} (49)
that are greater than I(r + 1 — w~'(i)). By Lemma 6, the numbers in the set (49) are just the
elements of the i-th row of T, and I(r+1—w~1(4)) is the unique element of the (i — 1)-th row that

doesn’t occur in the i-th row. Thus the elements of the i-th row that are greater than I(r+1—w=1(i))
are precisely the left-leaning entries in the row. O

Theorem 3 Suppose that & = A, and that {, ) is chosen so that ||a| =1 for all o € . Suppose
also that the Stability Assumption (20) holds.

(i) Let T be a stable strict Gelfand-Tsetlin pattern, and let G(T) be the product of Gauss sums
defined in (40). Let w be the Weyl group element associated to ¥ in Proposition 8. Then

G(T) = [] gpH=1 ph),

a€d,,

matching the definition as in (25) where dx(c) is given by (9).
(ii)
H(Cla"' 7CT;m1 7m’r‘) = HGT(Cla >Cr;m1 7m’r‘)~
That is, the Weyl group multiple Dirichlet series is the same as the series defined by the Gelfand-
Tsetlin description in the twisted stable case.

Proof Since both coefficients are obtained from their prime-power parts by means of twisted

multiplicativity, part (i) implies part (ii).
We turn to the proof of part (i). Since ¥ is stable, we have s;; = 0 if ¥ is right-leaning at (4, j).

Thus
Go)= I et

(2,7)left-leaning
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where the product is over the left-leaning entries of the Gelfand-Tsetlin pattern corresponding to
w whose top row is (43).

It suffices to check that the set of s;; at left-leaning entries in the Gelfand-Tsetlin pattern
corresponding to w coincides with the set of dy(«) as a runs over ®,,. In fact we shall show a
slightly sharper statement, namely that the left-leaning entries in row ¢ correspond exactly to a
certain set of roots in ®,,.

To give this more precisely, we require some notation. Recall that we have identified the roots
of A, with the vectors e; —e;, 1 <4 # j < r+ 1. The action of a permutation w € S,41 on the
corresponding vectors then becomes:

w(e; = ;) = ew(i) = Cu(j)-

Fix w. Observe that (i,7) is an i-inversion for w=! (that is, i < j but w=*(j) < w=1(i)) if and only
if the root
Qijiw = Cw=1(j) ~ Cw=1(i)
is in @,,. Indeed, ; ;. is positive if and only if w™(j) < w™ (i), and w(a; ;) = €; — e;, which
is negative if and only if j > 7. We will compute the contribution from the set of «; j ., for each
fixed 1.
First, we compute dx (e j,w). We have

Also, since a; = e; — e;41, we have

w”i)—1

Qijw = Y, o

k=)

Recall that A = Z:zl lie;, where {e;} are the fundamental dominant weights. Since (; j w, 0 j.w) =
2, we find that
w(i)—1

=w (i) —w(j) + Z Ui

k=w=1(j)

0+ N i jw)

d)\ (07 =2
(@) (i s Qi jw)

Now we consider the set of dx(c; jw) as j varies over the numbers such that (7, 7) is a i-inversion
for w=!. We see that w~!(j) runs through the set

(™) = 1) = (w1, - 1),
where as usual if X and YV are sets then X — Y ={z € X|z € Y}. Let
D; = {dx(ai j.w) | (4,7) is an i-inversion for w™'}.
Then we obtain the following value for the set D;:
Di= {141lp-1()-1,2+ ly-13)—2 + lw-13)—1, -~ w1 (@) =1+ 11+ + Ly-1(5y-1}

—{w (@) —wTH(G) + w1y o lwmr@y—1 [ <dand wTH(G) <w (i)}
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Now we turn to the Gauss sums obtained from the Gelfand-Tsetlin pattern. Suppose that there
are b; i-inversions for w~'. By Proposition 9 the first b; entries of the i-th row are the left-leaning
entries, and the nontrivial Gauss sums in the i-th row come from the quantities s;;, ¢ < j <i+b;—1.
Recall that every entry in the stable strict Gelfand-Tsetlin pattern is either left-leaning or right-
leaning. We thus have a;; = a;—1j—1 for i < j <i+4+b; —1 and a;; = a;—1,; for j = i+ b;. The sum
for s;; telescopes:

sij = (aij — ai—1,5) + (@i j+1 — Gi—1,j41) + -+ (Gir —aiz1,r)
= (ai—1j-1 = i1) + (@im1y —aio1 1) + -
+(@i—1 p;4i-2 — @i—1,p;4i—1) FO0+---+0
= @i—1,j—1 — Qj—1,b;+i—1-
By Lemma 6, we have

Qi tyitbi—1 =T+ 1—w (@) + L1y + - + L

To compute the s;; as j varies, we must subtract this quantity from a;_1 ;—14% for each k, 0 < k <
b; — 1. So we must compute the quantities a;—1;-14+%. Recall that the 0-th row of the Gelfand-
Tsetlin pattern is {I(r),l(r — 1),---,1(0)}. By Lemma 6 again, the entries of the (i — 1)-th row of
the Gelfand-Tsetlin pattern are given by

{@r), 10} ={l(r+1—wtm)) |1 <m<i—1}. (50)

We need to specify the b; entries with largest argument in the set (50); these are the elements from
which we will subtract the term I(r + 1 — w~1(i)). We have

bi=[{j>ilw™(j) <w '@} =w @) - 1= [{j <i|w () <w (@)}

Let hy,--- , hy, be the integers in the interval [1,w~!(i) — 1] that are not of the form w~!(j) with
some j, j < i. These are the only integers h in the interval [1,w~*(i) — 1] such that I(r +1 — h) is
not removed from the (i — 1)-th row of the Gelfand-Tsetlin pattern, by (50). Hence the only terms
of the form I(r+1—k) with 1 < k < w™!(i) that are in the Gelfand-Tsetlin pattern are exactly the
numbers of the form I(r + 1 — h,,), 1 < m < b;. Since these are visibly the b; entries with largest
argument, we have determined the entries a;—1 ;—14%, 0 <k < b; — 1. We have

r+1—hw)=lr+1=w@) =w () = hm +lh, + -+ lp-13)-1-

As m varies from 1 to b;, these quantities give exactly the set D; that we obtained above from the
formula for the coefficients (25).
This completes the proof of Theorem 3. O
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