Chinta, 7/11

Last time:

® an irreducible reduced root system (simply laced) of rank r.

(1) Defined an action of W on rational functions in z1, -+, ;.

(2) Showed that the p-parts of ®2) are invariant under this action.
(3) Construted an invariant rational function.

Our goals:
(i) Discuss function field MDS
(ii) Suggest a genearlization of (2) to higher order covers.

1 Function field basics

k=T, (t). If fETF,t], |f|= g™,

C(s)= s=(1-q°) "= - 1),
f;o 7] ; ( |p\>

monic monic, irreducible

Functional equations: (*(s) = ((s)(1— ¢ *)"1=¢?**~1¢*(s). Let

Define
Xf x£(p)
(s,xf)= E (1— L >
g#0 p#0
monic monic, irreducible

q° 11:q |f|2 *L(1—s,xy) if deg(f) is even;
L(saXf):

(@lf)T > 1L(1—s,xs) i deg(f) is odd.

2 AP MDS: Z (81, 82)-

Roughly

(&)
Z(s1, $2) Z \c1|51|c2|52 Z(z,y), T=gq %, y=q %
c1,C2



2 SECTION 3

We abuse notation and use the same letter Z. And:

(&) _,

Telleafn ~ 252>

Z(s1,82;1,7) = >,

deg(c1)=imod 2
deg(ce2)=j mod 2

Functional equations for these global objects over a function field
1 1-z Z(q%uf?/ﬂ) +Z<q%’ —W\/ﬁ)
Z(x,y;q) = i

VLA — 2
qx

1 Z(q%,a:yﬁ)—Z(q%,—a:yﬁ)
x\/q 2

Compare from the previous lecture the functional equations of the p-parts of the global
As object

+

oo ) 0o )

G(z,y;p) = Ty 5
1 1
Y\/P 2
Example:
R 1—zy
A (e (e ey
and the function field MDS is
SN 1—q¢’zy
2@ yia)= (1—qz)(1—qy)(1 — ¢?z2y?)’
We can write
G(z,y;p)=Z(pz,py; p~ 1), Z(z,y;p) =G(pz, py; p~1).

If we had the uniqueness assertion discussed from the previous lecture, we would know
analogous identities for A,.

Problem. Examples in higher genus. There is one example in Fisher-Friedberg.

3 Higher degree: AV

It is a little complicated to state the functional equation. We break Z(s1, so; Agn)) down
as

S Z(s1, 5054, 5; ASY)

V]



HIGHER DEGREE: Ag") 3

where

(%)ng(l,cl)g(l,CZ)

|c1|5t[cal®2

Z(s1, 591, j; ASV) = >
deg(c1)=imod 2
deg(c2)=j mod 2

We change the normalization from previous lectures, and also from the quadratic case,
where the Gauss sums were suppressed.

. 1 .
Z(z,y;i,j) = Pij(w)Z(qZ—w,q:cy;z,J)

1 . .
+ Qij(w)Z(qQ—m, qry; j+1 —m>,

where .
- _ 1—(—2i+j+1)n q—
Pz (.’E)— (q:c) ’ 1_qn+1$n
where (a),=a mod n and 0<a<n—1, and
i j— e
Qij(x)=—7(e* 7 1) (qx)! T gntign
where
. . a a
@ 5 ADIE
an%;lq 9/ n q
where

e pp — C*
is a fixed homomorphism. (Hoffstein writes 7; as ¢;(1,t).) We can compute

1+71igx+ 119y + 7'1Tzq3xy2 + 7'1T2q3x 2y + 7'12qu4:ch2
(1 _ qn—i—lxn)(l _ qn—l—lyn)(l _ q2n+1$nyn) ’

Z(x,y; ASY) =

A miracle occurs when we compare this to the p-part of the Ag") MDS: this is

1+ g(1,p)z+g(1, p)y+ g(1, p)g(p, P*)z%y + (1, p)9(p, Pz y* + 9(1, p)%g9(p, p*)2? y*.

Indeed, if we map

i — gi(1,p)/p
q — 1/p
T,y — Pz, P’y
we get an exact correspondence.

We can define an action of W on rational functions in z1, ---, =, then average over
the Weyl group as in the Weyl character formula, and conjecture that this sum agrees

with the Gelfand-Tsetlin conjecture. Evidence: this is known for Ag") and for A£2) when
r<5. It is known for Ag") when n =3 or 4.

Problem. Prove glo bal functional equations using invariance of local computation under W.



