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Kubota [19] showed how the theory of Eisenstein series on the higher metaplectic
covers of SLy (which he discovered) can be used to study the analytic properties
of Dirichlet series formed with n-th order Gauss sums. In this paper we will prove
a functional equation for such Dirichlet series in the precise form required by the
companion paper [2]. Closely related results are in Eckhardt and Patterson [10].

The Kubota Dirichlet series are the entry point to a fascinating universe. Their
residues, for example, are mysterious if n > 3, though there is tantalizing evidence
that these residues exhibit a rich structure that can only be partially glimpsed at
this time. When n = 4 the residues are the Fourier coefficients of the biquadratic
theta function that were studied by Suzuki [23]. Suzuki found that he could only
determine some of the coefficients. This failure to determine all the coefficients
was explained in terms of the failure of uniqueness of Whittaker models for the
generalized theta series by Deligne [9] and by Kazhdan and Patterson [15]. On the
other hand, Patterson [22] conjectured that the mysterious coefficients are essentially
square roots of Gauss sums. Evidence for Patterson’s conjecture is discussed in Bump
and Hoffstein [6] and in Eckhardt and Patterson [10], where the conjecture is refined
in light of numerical data. Partial proofs were given by Suzuki in [24] and [25].

Another set of conjectures relevant to the mysterious coefficients of n-th order
theta functions were given by Bump and Hoffstein, who considered theta functions
on the n-fold covers of GL, for arbitrary r. They are expressed as identities between
Rankin-Selberg convolutions of generalized theta series and Whittaker coefficients
of Eisenstein series on the metaplectic group, but they boil down to properties of
the residues of Kubota Dirichlet series, and their higher rank generalizations. See
Bump and Hoffstein [6], Bump [4] and Hoffstein [12]. These conjectures are different
from the Patterson conjecture, and there are other considerations which suggest that
there may be further unproved relations beyond those described in the conjectures
of Patterson and Bump and Hoffstein.



Recently Brubaker, Bump, Chinta, Friedberg and Hoffstein [2] and Brubaker,
Bump and Friedberg [3] have considered multiple Dirichlet series whose coefficients
involve Gauss sums. These Weyl group multiple Dirichlet series and their residues
are potentially a tool for studying the hidden structures suggested by the conjectures
of Patterson and Bump and Hoffstein, and may also have applications to analytic
number theory. For example the multiple Dirichlet series used by Chinta [8] to study
the zeta functions of biquadratic fields are of this type.

The basic building blocks in the Weyl group multiple Dirichlet series are the
Kubota Dirichlet series. The method of analytic continuation of the Weyl group
multiple Dirichlet series, starting with the analytic properties of the one variable
Kubota Dirichlet series is described in [5]. To develop this theory, we need versions
of Kubota’s Dirichlet series slightly different from those available in the literature.
The purpose of this paper is to prove such results in the form required for [2] and
other papers in preparation. The following points regarding our Theorem 1 are
noteworthy:.

e We exhibit concrete finite-dimensional families of Dirichlet series that are closed
under the functional equations. The description of these Dirichlet series is as
simple as we can imagine. They have the form

D(quj’a) = Z g(a,c) \IJ(C) N(C)_28 ) (1)

0+#ce as/oé

where o0g is the ring of S-integers in a number field, g(«,c) a Gauss sum and
the function ¥ is restricted to a finite-dimensional vector space of functions
making the Dirichlet series well defined if ¢ is replaced by ec, where ¢ € 03.
(See Sections 1 and 2 for notations.)

e We construct certain Dirichlet polynomials P, that appear in the functional
equation, and prove the remarkable economy noted in Remark 2, that the same
finite set of polynomials of P, appear in the functional equations of D(s, ¥, «)
for all a.

See Theorem 1 for details, and [2] for the way these results are used.

Three ideas make these results possible. First, there is the S-integer formulation,
long advocated by Patterson as a way of obtaining the benefits of the adelic treatment
in a classical setting. Second, we take as our Eisenstein series a particular vector in
an induced representation, depending on ¥ in (1), chosen to have small support in
the big Bruhat cell, to produce (1) as a Fourier coefficient. Finally, in the functional
equation one obtains the composition of a Whittaker functional with an intertwining



integral applied to this vector, and this may be studied by a method adapted from
Banks [1]. See Proposition 7 below.
This work was supported by NSF Grant FRG DMS-0354662.

1 Statement of the Theorem

Let n > 1 be an integer and let F' be an algebraic number field. We will assume
that F' contains the group u,, of n-th roots of unity, and moreover that —1 is an n-th
power in F. If n is even this implies that F' actually contains po,, and that F' is
totally complex.

Remark 1 One expects that in some form our results (perhaps with modification)
will be true with just the assumption that p, C F. However the assumption that
—1 € (F*)™ is made for more than just convenience. In particular, Theorem 5
defining the Kubota symbol without congruence conditions would not be true without
this assumption.

If S is a finite set of places of F' containing the archimedean ones, and let Fg =
[I,cs Fo, and let og be the set of S-integers. We recall that og is the set of elements
a € F such that |a,|, < 1 for all places v of F' not in S.

We will fix a particular S. We assume that S contains all nonarchimedean primes
which are ramified over Q (in particular those dividing n) and enough others that
the ring 0g of S-integers is a principal ideal domain. It is easy to see that such a set
S of places exists; to give o0g class number one, we have only to include all places
corresponding to primes dividing a given set of generators of the ideal class group
of F.

We will denote

Foo:HFvu Fﬁn:HFvu

VESeo VEShn

where S, is the set of archimedean places in S, and Sg, is the set of nonarchimedean
ones. We embed o0g in Fs along the diagonal. It is discrete and cocompact. Let
1 . Fg — C* be an additive character such that the restriction 1, of ¥ to F, is
nontrivial for all v € S. Then ¥(x) = [],cg Vo (20).

Lemma 1 We may choose 1 so that for all v € Sy we have 1, (x) = 2™ *®) for all
x € F,, where tr : C — R s the trace map, and so that if x € Fs we have

W(zog) =1 if and only if x € og.



Proof Following Tate [27], we will define a local character v, of F, for all places v of
S, whether v € S or not. Let vy be a place of Q. We define a character 7,, : Q,, — C
as follows. If vy is the archimedean place, so Q,, = R, we take 7,,(z) = €*™*. On
the other hand if v is nonarchimedean, then Z,, + Q = Q,,, so any element z of Q,,
can be written as z; + x9 where x; € Z,, and x5 € Q. We define 7,,(z) = =272,
Note that x5 is determined modulo Z,, N Q = Z, so this is well-defined. Now if v is
a place of F' above vy we take v, = 7, o tr, where tr : F;, — Q,, is the trace map.
Note that this v, has the prescribed description for all archimedean places v.

It is shown by Tate [27] that [ [, ¢, (x,) = 1 for € F. Now if z € og, this means

that
77/)(33) = Hl/}v(xv) = H¢v<xv)_1 =1
veS vgS
since for each v € S, z, € 0,, and so 1,(x,) = 1.

Now suppose that tr(zog) = 1; we must show that x € og. The first step is to
show that x € F. We call a subset A of Fg a lattice if it is of the form A, X Agy,
where A, C F is discrete and cocompact, and Ag, € Fj, is compact and open. We
note that

A ={z € Fs|Y(xog) =1}

is a lattice containing og and so it contains 0g as a subgroup of finite codimension.
This means that A C %os for some N, and so A C F.

Now that we know A C F', we may embed it in F;, for all places v. If x & o0g, then
Ty € 04 for some w € S. Let wy be the place of Q below w. Since F' is unramified
over Q outside S, the local different of F,, over Q,, is 0, and so ¥, (x,&,) # 1 for
some &, € 0,. Let S7 be a set of places containing S such that x, € o, for all v € 5.
By strong approximation (Cassels [7]) we may find y € F such that y,, is sufficiently
near &, that ¥, (x,y,) # 1, while y, is sufficiently near 1 for all v € S; — S that
Yy (zyy,) = 1 for all such v, and y, € o, for all v € S;. Then

Y(zy) = va(xvyw)il’
vgS

but there is exactly one factor on the right that is not equal to 1, namely the con-
tribution of ¢y, (z,Yy). Hence 1(zv) # 1, which is a contradiction since y € og.
]

Let (, ): Fs X Fs — pu, be the n-th order Hilbert symbol (Section 2). Thus in
terms of the local Hilbert symbols

(Oé,ﬁ) = H(O‘vaﬁv)v = H(amﬁv)_l’

veS veES



where the first equality is the definition of ( , ) and the second equality is the
Hilbert reciprocity law. We also denote by (%) the power residue symbol, defined
when «a, 3 € og. Properties of the Hilbert symbol and power residue symbol are

collected together in Section 2.
If 0 # ¢ € o0g, define the Gauss sum

o 5 ()0(2)

d mod ¢

We will say that a subgroup 2 of F¢ is isotropic if the Hilbert symbol (g,d) = 1
for all £,0 € €. For example, let

Qo =05 (FI)".
Lemma 2 The group gy is maximal isotropic.

Proof The Hilbert symbol is clearly trivial on n-th powers, so it is sufficient to
prove this when ¢ and ¢ are units. In this case we can use the second expression in
(1), and note that (e,,d,) = 1 for v € S by Proposition 1 (vi) below. The maximality
assertion may be deduced from Proposition 8 in Section XIIL.5 of Weil [28] (page 262)
together with our assumption on the class number of the ring of S-integers. U

We will assume that 0 = . The purely local result of Suzuki [26] discusses
cases where a subring R of F, can be found such that Q@ = R*(F))" is a maximal
isotropic subgroup.

Let M(2) be the vector space of functions ¥ on F| that satisfy

U(ee) = (c,e) 1 ¥(c), (2)
when ¢ € Q.

Lemma 3 The dimension of M(RQ) is the cardinality of F& /S). It is finite.

Proof It is easy to check (using the isotropy of €2) that an element of M(Q2) can
be assigned arbitrary values on a set of coset representatives of F¢ /€2, and that it
is uniquely determined by these values. Thus the dimension of M(£2) is thus the
cardinality of Fg /Q. This is < |FJ/(F3)"| < . O

b C(n(2s — 1)
G(s) = (2r)~ (D@D T(2s — 1)



We note that the multiplication formula for the Gamma function implies that

n—1 .
G(s) — —(n—1)(2s—2%) _—1/2+4n(2s—1) _ J .
(s) = (2n) 2 Hr 25— 1+
J=1
Define
D*(s,V,a) = G(s)" (p(2ns —n+1)D(s, ¥, a) (3)

where r = %[F : Q] is the number of complex places of F' and (r is the Dedekind
zeta function of F.

If v € Sgy let ¢, denote the cardinality of the residue class field o,/p,, where o, is
the local ring in F, and p, is its prime ideal. By an S-Dirichlet polynomial we mean
a polynomial in ¢, ° as v runs through the finite number of places in Sgy,.

If e M(Q) and n € FJ denote

Wy(c) = (n, ) W(en ). (4)

It is easy to check that \Tln € M(Q) and that it depends only on the class of 1 in
Fg /J(Eg)™.

Theorem 1 Let ¥ € M(Q), and let o € 0g. Then D*(s,V,«) has meromorphic
continuation to all s, analytic except possibly at s = %:I:%, where 1t might have simple

poles. There exist S-Dirichlet polynomials P,(s) that depend only on the image of n
in F§/(F&)™ such that

D*(s,W,a) =N(@)'™ Y Po(s)D*(1—5,7,,0). (5)
neFg /(F3)"

The proof will occupy the rest of the paper.

Remark 2 Note that the P, do not depend on V. It is also very remarkable that o
intervenes only as a permutation of the finite set of polynomials P,.

2 Hilbert symbols, power residues and Gauss sums

For reference we collect the most important properties of the Hilbert symbol, power
residue symbol and Gauss sums.

Let n be a positive integer. We will assume that all fields that occur in this
section have characteristic zero, or positive characteristic prime to n. If F' is any



such field, we will denote by p, the group of n-th roots of unity in the algebraic
closure of F', and our assumption implies that u, has cardinality n. We will almost
always assume that u, C F'. Moreover, we will also impose the condition that —1 is
an n-th power. If n is even, this means that u,, C F.

Remark 3 We will find it convenient to identify p, with the group of roots of unity
in C. This involves fixing an isomorphism j : p, — {z € C*|a2" = 1}. We will
suppress this isomorphism from the notation.

Let F be alocal field containing u,,. The Hilbert symbol is map F* x F** — p,,.
We will take the symbol to be the inverse of the symbol defined by Neukirch [21].

Proposition 1 (i) The Hilbert symbol is a skew-symmetric bilinear pairing. That
18,

(ad’,b) = (a,b)(d,b),
(@) = (a,6)(ab),
(a,b) = (b,a)”"
(i) We have (a,b) = 1 if and only if a is a norm from F(b'/™).
(i1i) We have (a,—a) =1, and if a # 1 we have (a,1 —a) = 1.

(iv) We have (a,b) = 1 if and only if a is a norm from F(b'/™).
(v) If F' is complez, then (a,b) =1 for all a,b € F*, while if F is real and n = 2 we

have ’ ;
1 ifa>0o0rb>0;
(a’b>_{ 1 ifa,b<O0.

(vi) If F is nonarchimedean and n does not divide the residue characteristic, then
(a,b) =1 when a,b are both elements of the group oF of units.

Proof See Neukirch [21], Chapter V Section 3, particularly Proposition 3.2 on
p. 334. O

Now let F be a global field containing p,,. For each place v of F', let (a, ), denote
the local Hilbert symbol on F*.

Theorem 2 (Hilbert) If a,b € F*, then

[I(a.b).=1. (6)

v



This is the Hilbert reciprocity law.
Proof See Neukirch [21] Chapter VI, Theorem 8.1 on p. 414. O

Let S be a finite set of places of F'. We assume that S contains the archimedean
places and all finite places dividing n. If a € og and b is an ideal of 0g then the
power residue symbol (%) is defined as follows. If a is not coprime to b then it is

a

defined to be zero. If b = p is prime and a is coprime to p, then (E) is defined to
be the unique element of p,, such that

(%) = a™=D/" mod p.

Note that (Np — 1)/n is an integer since we are assuming that p, C F. Finally, the
definition is extended to all a by multiplicativity, that is, by the condition

a a\ [/a
(5e) = (&) (2):
If a,b € 0g we will also denote by (%) = (ﬁ) where bog is the principal ideal
generated by b.
Proposition 2 We have
(5)=(G) ==
/

(%) = (%) if a = a’ modulo b.

Proof This is clear. O

and

If a,b € 0g let Fg =[], cq Fy- Define a pairing ( , ) : Fg x Fg — puy, by

(CL, b) = H(a> b)v = H(CL, b);17

veES veES

where the last equality is the Hilbert reciprocity law (6).

Theorem 3 (Gauss, Eisenstein, Kummer, Hilbert) If a and b are coprime

then
5)-n 2)



This is the n-th power reciprocity law.
Proof See Neukirch [21], Theorem 8.3 of Chapter 6. (Recall that our Hilbert symbol
is the inverse of his.) O

We turn next to properties of Gauss sums. Let F', .S and ¥ be as in Section 1.

- 5 ()

d mod ¢

Proposition 3 Let

This Gauss sum has the following properties.

(i) We have
t £ \?
g, e = () (—) G, am, &), if e,d are coprime;
(ii) We have

a

—t
gi(am,c) = (—) gi(m, c) if a,c are coprime;
c

(111) If ¢ € og let ¢(c) denote the cardinality of (0s/cog)™. If p is prime, then

N(p)f gu(l,p) ifl=4k+1;
g (", p") = < 60" if nltl and k > 1;
0 otherwise.

(iv) If t and n are coprime, and a and p are coprime, then

l9¢(a. p)| = v/Np.

Proof These properties of the Gauss sums are well known. See, for example, Ireland
and Rosen [13]. O

We will denote g;(m, c) by g(m,c).

Lemma 4 Ife € 03 then g(a,ec) = (c,e) g(a, c).

> (2)e (M) -0 = (9)e()

d mod ¢ d mod ¢

The statement follows from (7) since ¢ is a unit and so (£) = 1. g



3 The Kubota symbol

In this section we will recall results of Kubota defining the higher metaplectic covers
of SLy, and the “Kubota symbol.” For the latter, our setup is different from Kubota’s,
and we prove from scratch that the symbol we define is a character of the preimage
of SLs(0g) in the metaplectic group.

Let G = SLy. A map X : G(Fs) — F¢ is defined by

y( @ b\ [ c ifc#0;
c d ) | d otherwise.
Let 0 : G(Fs) x G(Fs) — p, be the map

X(9192) X(ngz))
X(g1) "~ X(g2) )

o(g1,92) = (

Theorem 4 (Kubota) We have

o(g1,92) 0 (9192, 93) = (91, 9293) 7 (92, 93).
Thus o is a cocycle defining a cohomology class in H*(G(Fs), i)

Proof See Kubota [17], where the cocycle o is given in a slightly different form.
Kazhdan and Patterson [15] pointed out the simpler equivalent form, which is easily
obtained from Kubota’s expression by Proposition 1. U

The metaplectic double cover G(Fg) = SAIZQ(FS) consists of ordered pairs [a, (]
with a € G(Fs) and ¢ € p,, with group law

la, ¢1[b, €] = [ab, ("o (a, b)].
We will denote the standard section by & : G(Fs) — G(Fs), so i(g) = [g, 1].

Theorem 5 Define k : SLa(0g) — ip, by
dy .
(@ b\ _ (E) z-fc #0;
c d 1 if c=0.

k() = oy, ) k() k(). (8)

Then

10



This result is closely related to Kubota [18], Proposition 2 on p. 25, and the
related result of Kubota [16]. Since our setup is slightly different, we give a proof.
Proof Let

B a b , CLI b/ v ;o a// b//
/7 - c d ) ’7 - C, d/ ) '}/ - ’Yy - C/l d// .

First assume that ¢, ¢ and ¢’ are all nonzero. We have

d"'=dd mod ¢ (9)
d" =dd mod ¢ (10)
and since oy d” v
_ a —
Y= 7//(7/) P = ( Jd ) ( " aq ) )
we also have
c=dd"—dd". (11)

Let g be the greatest common divisor of d’ and d”; write d' = gd;, and d" = gdj; so
that dj and djj are coprime. By (11) we have

co = ddy — dyc” (12)
where ¢ = gcy, and we may rewrite (10) as
dy = ddjy; mod cg. (13)

Applying Proposition 2 and the reciprocity law Theorem 3 repeatedly. Since d” = gdj

11



and since —1 € og, we have
9 O]
o - o _dl 1 d’
[r : t _ d/ /" d// d/ 8 6/ -
eciprocity] = (— c” 2 ,

jusing (12)] = (~dje", i) (d) )
)) (%)
d/

(%)
e~ () (4) (3) ()

o)
[using (12)] = (=doc”, dg)(dy, o) (co, dp)
d AWEAN
() (2 () (@) ()
9

. . d df
reciprocity] = (~dj”, dj) (dy. co)co. ) (d. ) 9>(a><§)'

d’
O
d"
0

[reciprocity] = (—dyc”,dy)(dy, co) (
[using (10)] = (—dyc”,dy) df)’,cg (

Now (9) implies that

(-0 (Z) - e () () =i ()

Thus (8) will follow if we show that

(_d66//7 dg)(dga CO)(C(% d6)<cﬂa g)(clv g)il = 0-<7> 7/)'

We begin by noting that by Proposition 1 (ii) and (12) we have

[/
| Co 1 co \ [ ¢ dyc
ddy’ cdy ddy’ ddy
/! /! /! /! /)
U(77 ’7/) = (0—7 c_,) = ( ¢ 9 C_,> ( ,6631/7 d?cj// >
c’c gcy ¢ cddy’ ddy

12

Thus




which, after simplification, equals
(_dgcﬂ7 dg) (d87 CO)(CO7 d{))(déb C/)(C”’ g)(cl7 g)_l X (0/7 C,) (Cﬂv CH)'

The statement follows since we are assuming that —1 is an n-th power, so (z,z) =
(x, —x) = 1 identically.

We have assumed that ¢, ¢ and ¢’ are nonzero. We leave the remaining cases to
the reader. O

Let K =[],.q K, where

veS

K o_ SUs if v is complex;
Y1 SLy(e,) if v is nonarchimedean.

The group K has an open subgroup K*® over which the cover splits. Indeed, let
K, = [1,eq K where

K=

v

K,o(p2 ™) if v € Sgu;
K, if veSy,,

where if a is an ideal of o, then K,(a) is the principal congruence subgroup of K,
consisting of elements of Ky, which are congruent to the identity modulo a.

Lemma 5 (Kubota) Let v € S. Ifv € Sqy, let B, : K5 — p, be the map

(a b)Hﬁv(“ b):{«ad)—l if cd £ 0 and n ord(c):

c d c d 1 otherwise,

while if v € S, let By : K — u, be the constant map g — 1. Then if g1 and
g2 € K we have

o(g1,92) = Bu(g192) "' Bul(g1) Blga). (14)
Proof See Kubota [18], Theorem 2 on p. 19. O
This means that, denoting 3(g) = [[,cq 8(gv), the map

g+ 1[9,6(9)]

is a homomorphism K* — SLy(Fs). We will denote by K * the image of this
homomorphism.

13



4 Local functional equations

In this section we use as data ¥ € M(2) to construct a vector with small support
in the big Bruhat cell of an induced representation of the metaplectic group. By
studying the effect of the intertwining integral on such a vector we will obtain a local
functional equation leading to the phenomenon described in Remark 2.

Define I(s) to be the space of K-finite functions f : SLy(Fg) — C such that

f(K e )C} ?1) =lal*C1(@).  acQreF(em.

Here ¢ on the right-hand side actually means j((), as explained in Remark 3.

We have an action of é\ﬂg(Fv) for all nonarchimedean v € S, and an (sly, K,,)-
module structure when v is archimedean. It may be checked using Kazhdan and
Patterson [15], particularly Section 0.3 or Flicker [11] Section 2.1 that since € is
maximal isotropic, [(s) is irreducible when s is in general position.

Since we are assuming that F' is totally complex, the metaplectic cover splits over
the archimedean places. This means that we may decompose S = S, U Sg, into the
union of its complex and nonarchimedean places and

Fs = FoFin,  SLa(Fs) = SLa(Fa) x SLa(Fi),

where Fio = [],cq. Fo and F, = Hvesﬁn F,. We can factor
0 =Qg, - F,

where Qg, is the projection of 2 on F{:. Indeed, €2 contains (F)" = F since F' is
totally complex.

The space I(s) can thus be identified with I (s) ® Ign(s), where I (s) and Ig,($)
are defined analogously to I(s). In particular the space I (s) consists of all K-finite
functions f,, on SLy(Fl,) such that

& (K " )C] 9) =(laf* f(3), aeC

where Koo = [],c s.. K. Thelocal Hilbert symbol is trivial on C, and the metaplectic
cover of SL(2, F) is trivial. We will denote by f5 = fs . the normalized spherical
vector in I, whose restriction to K, is identically 1.

If f € I(s) and re(s) > 1 let

M(S)f(ﬁ)Z/st(i(l _1>i(1 f)g)d:c.

14



This integral is then absolutely convergent. It is well-known that the integral has
meromorphic continuation (in a suitable sense) to all s with a simple pole at s = 7.
We also define

Mﬁn(5> . [ﬁn(S) — [ﬁn(l — S)

by

Mot = [ 7 (i( )it ] )ae) e aesTam

and My (s) @ Io(s) — I(1 — s) by the same formula.We fix some particular
fractional ideals in og,. First, let ©® be the conductor of vg,, that is, the largest
fractional ideal on which it is trivial. Next, let

N = H p% ordu(n)Jrl’ (15)

where v runs through Sg,. Finally, let 9t = 971D, It is chosen so that if y ¢ M

then [, ¥ (uy)du = 0.
Let o5, = Hve Sp., O By a fractional ideal of 05, we mean a product of fractional

ideals of the o,. It is an open and compact og,-submodule of Fg,. If o, ¢ € F§ and
U e M(2) we will denote, for every fractional ideal X of ogy,

Jﬁ%@zh@ﬂﬂz/ (0,¢) [yl2 2T (e Yy (o) dy.

yeX

The function ¥ will be fixed in this discussion and we usually denote Jy as simply
J. The value of J(X, «, c) obviously depends only on the projections of o and ¢ on
Fiy and we will use the same notation if o and ¢ are given as elements of Fg. .

Lemma 6 Let ¥ € M(Q) and o, c € F§. The value of Ju(X,c) is constant for all
sufficiently large fractional ideals X in og,. More precisely if X D a9 then

Ju(X,0,¢) = Jy(a "M, a, ).

Proof We have

ﬂ%md—lewaﬂz/ () 19125 2(c ™y pu(oy) dy.

yeX—a~1om

It follows from Hensel’s Lemma that 1 + 9 C (0§)". Hence if u € 1 4+ 91 we have
(. ) lylan W (cy™") = (uy, o) Juylg,*W(cuy ™).

15



Thus for any n € 9N the variable change y —— (1 + n)y shows that

I@e) = I = vlamy) [ (w0) My o) d.
yEX—a~ 1M
Now we may integrate over n € 91 and obtain zero since ay ¢ 9. O

Denote the stable value Jy (a9, a, ¢) of Jg (X, a, ¢) by Jy(a, ¢) or (more often)
J(a,c).

Proposition 4 Let n € Fg be given. There exists an S-Dirichlet polynomials
Pn(S, @) such that, with ¥, as in (4), we have

[T =™ ) Julae) =Y pyls,a) ¥y(o): (16)

VEShn

If X € F& we have

1-2s

(s, Ar) = [Alg, = pan(s, ). (17)
Also p, depends only on the coset of n in Fg/(Fg)".

Proof Splitting the integral defining J into cosets of (F§')" we may write

J(a,c) = Z (e, c).

neFg /(Fg)n

where
Jy(are) = / (y,¢) 9[22 W(e ™) Yan(ay) dy.
yea~19mn 77(F§< )

Observe that J,, like ¥, depends only on 7 in F& /(FZ)". If y € n(F&)" we have

(y, ) U(cy™h) = Ty(c).

Thus -
H (1—g,"*Y) Jn(a, €) = py(s, a) ¥y(c).
UESﬁn
where
psa)= [La-qe ) [ Vi lan) dy. (18)
vEShn yEa—tmnn(Fg)"
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We may write

pn(s,a) = H pn,v(S’Q/)a

’UESﬁn

where the p, , are defined as follows. Let p(v) = ord,(a™'91). Then

Pra(s @) = (1= ") [ / yE2ean dy] . (19)
yen(FX)m nph™)

For v € S, let U, be a sufficiently small ideal in o, such that i, C nflp“(”), and
Uy(any) = 1 for y € 4U,. (We hold n fixed and suppress it from the notation, for
example not indicating the dependence of i, on it.) There is no harm in assuming
i, = p™™v is an n-th power. With these conditions, we choose 4, as large as possible,
so that |u(v) — nN,|, remains bounded uniformly as « varies, a point we will need
at the end of the proof.

Note that

(1= gDy 2o / W22 o (ay) dy =
ye(F )" N,

d
(1= gDy 2ot / it
ye(FX)™ N pro ||

Summing a geometric series, this equals
V||t g e s, where V, = vol (0)".

Using this we split the integral to obtain

dy

2s—1
RN )

y & iy

Pyw(s,a) = (1 — qv—n(28—1)) /

e
+Vy [l g, (20)

The first integration is over a compact set, so p,,(s,a) is a polynomial in ¢, *, and
so p,(s,a) is an S-Dirichlet polynomial. This expression for p, ,(s,a) is valid even
if re(s) is no longer assumed to be > 1.

Finally, let us prove (17). We have

Pra(s, @) = (1 — ") [ / W22 6 (ay) dy
yEn(FvX )"Na

17



for all sufficiently large fractional ideals a. So taking a sufficiently large, we also have

Poo(s, Aar) = (1 — ¢, ") { / [y|2° % Yu(Aay) dy} :
yen(Fy)"NA~ta

The variable change y — A~'y now proves (17). d
If f e I(s) and ¢ € Fgy,, then denote

U,a,s(c) = |elin /Fﬁn Jiin (Z ( . — ) i ( ! f )) Yan(ax) dz.  (21)

This integral is convergent if re(s) > 3. We wish to extend this definition to all s,
which we accomplish by the following lemma.

Lemma 7 Let f € Is,(s). Then there exists a fractional ideal Xo of 05, (depending
on f) such that if X is a fractional ideal containing Xo then

/%f(i(c _C_l)i(l f))wﬁn<ax)dx _
Lol =)o 7)) vmton "

Proof We have, in SLy(Fy)

. —c! A (cx)™t =T . 1
z(c cx )_(C’I)Z< cx )P\ 2zt 1)
Then the difference between the right- and left-hand sides in (22) is thus
-1 _ 1
> (c,2) f (z ( lea)™ ¢ ) i ( o )) b(az) da.
nery /(xRN 0FS)"

Since f is a smooth vector, that is, invariant by elements sufficiently close to the iden-

tity, and since 2 ( 1 > is near the identity in the maximal compact subgroup if

. . e 1 .
|z| is sufficiently large we may omit this 2 1 from the last expression when

1
x is in the complement of Xy provided X, is sufficiently large. It is easy to see that
if Xg is sufficiently large then

/ (c,2)]2] ™ d(az) dz = 0,
(X=%0) N (nFZ )™

18



and the statement follows. O

Consequently we may extend the definition of W, by the formula

Vas(c) = lefiy lim /xfﬁn (z ( . — )z< ! f)) Van(az) dz,  (23)

where it is understood that the notation means that the expression is exact for
sufficiently large fractional ideals X.

Proposition 5 The function ¥y, s(c) is analytic as a function of s in the sense that
if f = fs varies in a family parametrized by s € C such that fs|K is independent of
s, then Agn(fs) is an analytic function of s.

Proof This is clear. O

The content of the next Lemma is to construct a function f with small support
contained in the big Bruhat cell from ¥. We will see later in Proposition 6 that W, ¢
matches W for sufficiently many «, depending on the choice of an auxiliary ideal a.

Lemma 8 Let ¥ € M(Q). If a is an ideal of os, such that N (defined in (15))
divides a, then

a a b [ vol(a)~t e W(e) ifd/cea
s,fin ({( c d ) ’4) - { 0 otherwise. ’

defines an element of Ign(s).

Proof In this proof denote f = f{g . First note the following matrix identity:

pan ([0 0) )= ([ )G ) T) )
ra (|7 O (e 1) (0 71) )

{ vol(a)™t (el % W(c) ifd/cE€a

(SIS

0 otherwise.

To show that f € Is,(s), we must show that it satisfies

r([(7 ) <a) —amtr@. cen (24)

and that it is smooth. Using the above matrix identity and (2) it is easy to check (24).
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For smoothness, we first show that the cocycle is trivial over Kg,(a). By (14) it
is sufficient to show that if g € K,(pY), then 3(g) = 1. If N > 2 ord,(n) + 1 then
since d = 1 mod pY, it follows from Hensel’s Lemma that d is an n-th power.

With a chosen this way, we claim that fg, is right invariant under Kg,(a). If

K € Kgn(a), we have
a b o (d
cd)" " \e a)

where d'/¢’ € a if and only if d/c € a. Assuming this, we have ¥(c) = ¥(c’) because

(=d ¢)=(-d c), “/:(1_1)’i<1_1>1:($§>

so /e = — (d/cis near 1, and V¥ is continuous since it is constant on cosets of the
n-th powers, which comprise an open subgroup of Fi. [l

Proposition 6 Let ¥ € M(Q), let © be the conductor of Vs, and let N be as in
(15). Let a be a fractional ideal of ogy such that N|a, and let fa, = f&, Then for all
c € Fg we have

[ V() ifa€alD,
Vjas(c) = { 0 otherwise. 2

In particular Yy, s(c) is independent of s for all «.

Proof Let 0 # ¢ € 0g. Factor ¢ = cycqn corresponding to the decomposition
S = So U Skn, where Sy, and Sg, are the archimedean and nonarchimedean places
in S. We note that ¥(c) depends only on cgy,, because © contains F, and in (2)

if ¢ € FZ then, since F' is totally complex, (¢,¢) = 1 identically, and the Hilbert
symbol is trivial on C. In the integral

o1
|C‘?ii/ Jfoin (Z( ¢ )l( Lo ) ,s) Vgn (o) da
Fpn c 1
we have
. —c P\ . [ 1 [ vol(a)7te|g ifr€a
i <l ( ¢ ) ’ ( 1 ) ’8) B { 0 otherwise.

The statement follows. O

8
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Proposition 7 Let U € M(Q2). Let a be a fractional ideal of og,, which is contained
in a 'O NN, so that by Proposition 6 we have

Vias(c) =¥(c), = [l (26)

Then, with \11,7 and p, as in Proposition 4, we have

IT (0= ) Warg a0 an s,a) Wy (e (27)

VESfn

Proof We will confirm this when re(s) > %; both sides are analytic, so this suffices.
Then the integral defining Mg, (s) @ I(s) — I(1 — s) is convergent, and although
the integral (21) is divergent when applied to Mg, (s)f, we may use instead (23). We
have

‘IjMﬁn(s)f,a,l—s(C) -

i oo o, )o(* 1)1 o
e LLmll DA 1))
X g (ax) dy dx,

where X is any sufficiently large fractional ideal in Fy,. We now interchange the
order of integration and use a matrix identity to write this as

s byt —c . -1
2 2 /Fﬁn/ ve fﬁn( ( cy )z< 1 z—c 2yt ) 75) Yan(ax) dx dy.

Recalling that we are taking fs, to be the same test function that we took in
Lemma 8, by Proposition 6 this equals

e vol(a) ! / (e2y) leyl2* Wley) ac 2y )

{/ VYan(a(z — 2y ™h)) dx] dy.
(c72y~1+a)nXx

We may choose X so large that 91 C X. This implies that a C X, so the inner
integral is over a coset of a if ¢72y~! € X, and over the empty set if not. In the

first case, the integrand g, (a(z — ¢ nyl)) = 1 since ® is trivial on aa. The inner
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integral thus produces vol(a) times the characteristic function of the set of y such
that ¢ 2y~! € X. Thus we obtain

it [ () I W) vl dy
c2y~le

1

Make the variable change y — ¢~2y~! we obtain

| e b v wlaw) dy

Thus
W b s) s (€) = Jw(a; ¢),
and the result follows from (16). O

We end this section with a complementary computation at the archimedean
places. Let v € S, so that F, = C, so K, = SU(2), and recall that

o) = {Koetive 1 GL2.0) — 17 (V52 )a) = bis@) |

Let f7 € I,(s) denote the normalized spherical vector, so that

I (( v ) k) i, keSU@), yeC. (28)

Then A,(f) is a Bessel function; more precisely,

Proposition 8 Let v be a complex place. If 0 # «,c, € C we have

/Cfﬁ((cv _051)(1 916)) Py () de =

(2m)% o 5712 |e], > T'(28) ™" Kaoa (4o ,). (29)

We remind the reader when v is a complex place the absolute value |z + iy|, =
22 + 9% for 2,y € R.
Proof Using the definition of I,(s) we reduce immediately to the case where ¢, = 1.

Then
s -1 1 z zA;Y AT _
[o((0 (1) (8 2 v
/(1 —I—ZL'ZZ‘)_% e27ri(tlr ay) dl’,
C

where A, = v/1+ 2z, and (we remind the reader) 9, (r) = e>™%@_ The integral is
easily evaluated. U
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5 Eisensteln series

We will now consider the Eisenstein series associated with the special data in Propo-
sition 6. We will consider the constant term and nonconstant terms in the Fourier
expansions. The Kubota Dirichlet series will appear in the nonconstant terms, while
(as usual) the functional equations will be controlled by the constant term.

Let T' = SL(2, 0g), and let T be the preimage of I' in éE(Z, Fs). By Theorem 5
~ R a b\ (g) if ¢ #£ 0;
H([’V7C])_C ,i(’}/)v l{( c d > - { 1 lfCZO

defines a character of I'. Let f, € I(s). We assume that the restriction of f, to K is
independent of s. Consider the Eisenstein series

E@G s f)= Y, sMLGERG),  §eSLE, Fy),

v€B(0s)\I'

B(os):{<a ;1) |a€o§,ueos}.

We choose the function f; to be of the form f;. ® fsan Where fs € I(s) and
fsin € Ian(s). Moreover we choose fsoo = ®yes., feu, where f2 is the normalized
spherical vector (28). The series is absolutely convergent if re(s) > 1.

where

Proposition 9 Let fi = fsoo @ fosin € 1(5) = L5 00(5) ® I gn(s), where fooo = [

18 the normalized spherical vector. Then ’
(3 )ses) o
Fs/os

I(2ns —n) \ " (s(2ns—n) o N
F(ZTLS —n4+ 1)) Cs(;ns —n+ 1) (Mﬁrl(S)fs,ﬁn)(g) fl—s,oo(g)a

1(3) + (mr

where 1 is the number of complex pairs of embeddings and (s denotes the partial
Dedekind zeta function of F' (with Euler factors removed for those places in S).

Proof Let
1 =z
N(Os):{( 1)|$€05}.
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The constant term of the Fourier expansion is computed in the usual way. There are

- : . b
two contributions from 7 in the two Bruhat cells; if v = CCL > the two cells are

d
contributions of v with ¢ = 0 and ¢ # 0 respectively. We find that

Lo Dues)

£.(G) + ) o) [ Sf(zw( )as) o=
oy

1= (8 %) e BlosT/N(es)
o 3 () [T )( 1)) e

0#£c€og /0>< d mod ¢

The contribution of ¢ will be zero unless
d
> (4)#o0
c
d mod ¢

This means that c is a unit times an n-th power. Since we are choosing ¢ from a set of
representatives of og/05 we may disregard the unit and take ¢ to be an n-th power.
Replace ¢ by ¢" and ¢ will now run through og/05. The second term becomes

e[0T e e] e

where ¢(a) is the cardinality of (0g/a0g)*, that is, the Euler totient function for the
ring 0g. Making use of the fact that og is a principal ideal domain,

1 ol —2ns _ Gs(2ns —n)
n > o)l T (s(2ns—n+ 1)

ccog/og

The integral in brackets in (30) factors into S, and Sg, components. We have
assumed that f. is spherical at every archimedean place, so applying the intertwining
integral gives a constant times the spherical vector in I(1 — s), that is,

/wfs,oo (z(l _1>i(1 f)g,s) A = () fisno(d),
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and to compute c(s) we may take § to be the identity. At each archimedean place,
this reduces to
T ['(2ns —n)
=nm ,
25 —1 I'(2ns —n+1)

/(1 + x3) ¥ dr =
C

so we have a factor of

[/C(l + m—c)_zsdx}r = [mréfini; i)l)y

At the nonarchimedean places, we have a factor of

/Fﬁnf ( < L >( H )g) dr = Myo()£(9).

We define
E*(g,s, fs) = (2%)_7(2”8_"“)11(2713 —n+1)"Cs(2ns —n+ 1)E(g, s, fs)

where, as before, r is the number of pairs of complex embeddings. Let D € Z be the
discriminant of F. We will denote by |D| the usual real absolute value of R applied
to D.

Theorem 6 The FEisenstein series has meromorphic continuation in s to all of C
and satisfies the functional equation

E* (gu 87 fS) -
D 1 _onstn 1- qv—2”5+” E*(g M,
|DJ? [T (e ) B0 = s M) o © fis)- - (31)

_ g2ns—n—1
UESﬁn qv

It can have simple poles at re(s) = % + % but s elsewhere holomorphic.

Proof We have computed

() o
Fs/os

(27r)_7"(2"5_”+1) I'(2ns —n+1)"(s(2ns —n+1) fo(g) +
(n/2)" (2W)‘T<2"S_”) I'(2ns —n)" (s(2ns — n) (Mean(S) fsfin ® ff_sm)(g)
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It follows from Moeglin and Waldspurger [20] Proposition IV.1.10 (or by adapting
the discussion of Jacquet [14]) that

E* (s, fs) = (n/2)" (2n) """ (2ns — n)" (s(2ns — n)
XE(.&? 11— S, Mﬁn<5)fs,ﬁn ® fl—s,oo)-

We note that the fact that /(s) is not in general irreducible is not a problem. (It is a
finite direct sum of several copies of the same irreducible representation.) We recall
the functional equation of the Dedekind zeta function. Let

A(s) = [D**(2m) "L (s)"Cr(s),
where D € Z is the discriminant of ' and |D| is the usual absolute value on R. Then
A(s) = A(1 —s).
Hence in terms of partial zeta functions,
(27) "= T (208 — n)" Cg(2ns — n) =

) 1— —2ns+n
| D]z~ 2nstn H (q”—) (27r)’7"(1+"’2"5) L'(1+n—2ns)" (s(1+mn—2ns).

_ 42ns—n—1
VESHR qv

Using the last expression, the functional equation can be rewritten as stated in the
Theorem. The two constant terms have poles at 2ns—n+1 = 0,1 and 2ns—n =0, 1,
that is, s = % + % and % Both constant terms have poles at s = %, but these poles
must cancel, since Eisenstein series never have a pole at the center of the critical
strip, where the intertwining integral M(s) is unitary. O

Theorem 7 Let 0 # a € og. There is a constant C' = C(n,r) depending only on
the degree n of the cover and the number r of complex places of F such that

/ E*(z(l f),s,fs) Y(ax) de =
Fs/os

C G(s) Cs(2ns —n+1)D(s, Va0, ) | D77 [a]s"? Kooy (47 |alo).  (32)
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Proof Assume that re(s) > 1.

1= (8 %) e BTN Gs)

c#0
-1
Z g(aac)/Ff(’i(c ‘ )z(l f),s) Y(ax) d.
0#c€og /0% () 3

At an archimedean place v, we have

/«;ﬁ((l _1)(1 Qf)) n(anr) do =

(2#)28]0@|i_1/2f(28)_1K25_1(47r owl,)- (33)

By (21) and (29) the integral over Fg now factors into a product of |c|z2* U (c, a, s)
times
(2m)7 T(2s) 7" [T lewls™? leol,™ Koo (dm/]au]) -
VESeo
To determine an identity for £*, we incorporate the following normalizing factor into
our integral at archimedean places:

(2m) st D) D (2ns — 4 1) ((2ns —n + 1).

Thus rewriting the above by combining the normalizing factor, the integral over finite
places of S, and the integrals at archimedean places, we have

[ 1)) s

(27T)fr(2nsfn+1)(ZW)%SF(QS)*T F(2ns 4+ 1)7" |D|%7SC5(27LS 4 1) y
S ) U(s,a, e T ol ™2 Koo (dny/ar).

0¢CEOS/U§ () VESoo
This can be further simplified using

I'(2ns —n+1) I'(n(2s —1))
=n
['(2s) ['(2s—1)
The result follows. U
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6 Proof of Theorem 1

We can now prove Theorem 1 with

—9n)s+n—4+ —2ns+n—
Py(s) = [D|®72st = T (1= g, )py(s, 1)

VESHL

Note that by (17) we have more generally

- —2n)s+n—1i —2ns+n—
Poy(s) = |aff D@20 TT (1= g, 2" py(s, a).

’UESﬁn

We choose f = fin ® fo, Where fz, = ff?n’s is chosen as in Proposition 7 and

foo = Ques., fo. By (26), replacing g by ( L gf ) and integrating against ¢ (ax),
the left-hand side of (31) produces

C'G(s) ¢s(2ns —n+1)D(s, U, a) [DIz™ ] lowls ™2 Kosor (47 ]y,

’UESOO

while the right-and side is

1— q72ns+n
|D|=2mstn T (—) CG(1—s)Cs(2n(1 —s) —n+1)

1— 2ns—n—1
VEShn qv

XD<]— - S, \PM(s)f,a,l—sya/) H Iav|11;/2_8 K1—25<47T V |avlv>-

VESeo

The meromorphic continuation of D(s, U, «) now follows. We recall that Ky 1 =
Ki_5,, so we may cancel the Bessel functions and the constant ', and make use of
(27) to obtain

G(s)" (s(2ns —n+1)D(s,V,a) =
H ’Oév 11)723|D’(272n)s+n7% H (1 _ qgnsfnfl)fl

’UGSOO Uesﬁn

G(1—5)"(s(n—2ns+1) an(s, a) D(1—5,7,,a).

n

We restore the missing Euler factors at v € Sg,, moving those for (z(2ns —n+1)
to the right-hand side and simplify to obtain (5).
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