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Abstract

We describe a parametrized Yang-Baxter equation with nonabelian param-
eter group. That is, we show that there is an injective map g — R(g) from
GL(2,C) xGL(1, C) to End(V ®V') where V is a two-dimensional vector space
such that if g, h € G then Ri12(g)R13(gh) Ra3(h) = Ras(h) Ri3(gh)Ri12(g). Here
R;; denotes R applied to the ¢,j components of V ® V ® V. The image of
this map consists of matrices whose nonzero coefficients a1, ao, b1, ba, c1, Co
are the Boltzmann weights for the six-vertex model, constrained to satisfy
ajas + biby — c1co = 0. This is the exact center of the disordered regime. As
an application, we give a new proof based on the Yang-Baxter equation of a
result of Hamel and King representing a Schur polynomial times a deformation
of the Weyl denominator as the partition function of a six-vertex model. The
parameter group can be expanded (within the eight-vertex model) to a group
having GL(2) x GL(1) as a subgroup of index two. In this expanded context
we find a second representation of Schur polynomials times a different defor-
mation of the Weyl denominator as a partition function. These structures give
a Yang-Bazter system in the sense of Hlavaty.

Tokuyama [36] proved a deformation of the Weyl character formula for GL,,(C).
A substantial generalization of Tokuyama’s deformation was found by Hamel and
King [11]. The formula of Hamel and King expresses the Schur polynomial times a
deformation of the Weyl denominator as a sum over states of the two-dimensional



ice or siz-vertex model in statistical mechanics. It turns out that there are two
fundamentally distinct ways of doing this.

In statistical physics, the partition function is the sum of certain Boltzmann
weights over all states of the system. The six-vertex model is an example that is
much studied in the literature. In our presentation of it the states are represented
by labeling the edges of a finite rectangular lattice by + signs, called spins. If the
Boltzmann weights are invariant under sign reversal the system is called field-free,
corresponding to the physical assumption of the absence of an external field. For
field-free weights, the six-vertex model was solved by Lieb [23] and Sutherland [35],
in the sense that the partition function can be exactly computed. A very interesting
treatment based on the “star-triangle relation” or Yang-Baxter equation ([16], [25])
was given by Baxter [1] and [2], Chapter 9. The papers of Lieb, Sutherland and
Baxter assume periodic boundary conditions, but non-periodic boundary conditions
were treated by Korepin [17] and Izergin [15]. Much of the literature assumes that
the model is field free, but Baxter asserts that the six-vertex model can be solved
even in the presence of fields. We do not know whether this has been carried out
using the method of [1] and [2].

We will exhibit two particular choices of Boltzmann weights and boundary con-
ditions in the six-vertex model giving systems &Y. and &% for every partition \ of
length < n. We will study the system by the method of [1] and [2]. We will prove
that the partition functions are
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where t; are deformation parameters and s, is the Schur polynomial (Macdonald [24]).
The Boltzmann weights we use are not field-free. The A model is essentially that
given by Hamel and King.

To justify these evaluations of the partition function define
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Then one seeks to show that s} is symmetric in the sense that it is unchanged if the
same permutation is applied to both z; and ¢;. Once this is known, it is possible to
show that it is a polynomial in the z; and t;, then that it is independent of the ¢;;
finally, taking ¢; = —1 one may invoke the Weyl character formula and conclude that
it is equal to the Schur polynomial.

In order to prove the symmetry property of s} we will use an instance of the
star-triangle relation, which is (9.6.8) of Baxter [2]. We thus obtain a new proof
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of Tokuyama’s formula and of Corollary 5.1 in Hamel and King [11], which is our
Theorem 11. A second instance of the star-triangle relation solves the same problem
for the analogously defined s{, and a third instance shows directly, without using
the above evaluations, that s} = s3.

The star-triangle relation is the identity

Ri9Mi3No3 = Nog M3 Ry, (3)

where the “R-matrices” R, M, N are endomorphisms of V' ® V for some vector space
V, and R;; means apply R to the i-th and j-th components of V ® V ® V' and the
identity map to the k-th component, where i, j, k are 1,2,3 in some order. If the
matrices R, M, N are equal, we call this the Yang-Baxter equation. On the other
hand (3) could be generalized by taking R € End(V; ® V3), M € End(V; ® V3) and
N € End(V,® V3) for three different spaces. This point of view leads to a categorical
interpretation of the Yang-Baxter equation, one manifestation of which is Drinfeld’s
universal R-matrix [5].

But we are interested in cases where V; =V, = V3 = V and the R-matrices can
all be put into one space. Sometimes there is a group G with a map R —— R(g)
from G to End(V ® V'), with an identity

Ria(g) Ri3(gh) Ras(h) = Raz(h) Riz(gh) Ri2(g) (4)

when g, h € G.

There are many such examples in the literature. In those that we are aware of
the group G is abelian, say G = R. Particularly, such examples occur within the
field-free case of the six-vertex model. There is one such parametrized Yang-Baxter
equation for each value of a parameter A, defined below in (9). (This is not the A
that appears in (1).)

One may ask whether the parameter subgroup GG may be enlarged by including
R-matrices outside the field-free case. If A # 0 the group G may not be so enlarged.
However we will show in Theorem 3 that if A = 0, then the group GG may be enlarged
to GL(2,C) x GL(1, C) by expanding the set of R-matrices to include non-field-free
ones. In this expanded A\ = 0 regime R(g) is not field-free for general g. It is from this
enlarged space of Boltzmann weights that we find the solutions to the Yang-Baxter
equation that allow us to prove the evaluation of Z(&Y) in (1).

The group law on the expanded A = 0 regime helps to explain the existence
of ice models for Schur polynomials. It makes explicit the relationship between the
R-matrices for Gamma ice and Gamma-Gamma ice, and once we have Theorem 3
one may verify the evaluations (1) with a minimum of computation.



The set of Boltzmann weights which we use in Gamma ice and Delta ice (Tables 1
and 2) may be motivated in different ways. They may be derived heuristically from
the the requirement that the partition function in (1) when A = 0 matches the
deformed denominator. Together with the requirement that A = 0, this condition
essentially determines these weights.

Alternatively, considering the case of Gamma ice, the proof of Theorem 5 requires
that (in the notation of Section 1) the weights a; and as for Gamma-Gamma ice be
in the ratio of ¢;z; + 2; to t;z; + 2z;. This is related to the fact that the deformed
Weyl denominator is a product of factors of this type. When the group structure
in Theorem 3 is understood, it may be seen that Gamma ice produces weights for
Gamma-Gamma ice with this property.

Theorem 3 may be thought of as a parametrized Yang-Baxter equation with a
nonabelian parameter group. One may ask in other cases where a set of R-matrices
is closed under such a composition law whether they would form a group. We may
tentatively say that they would. Thus in Section 2 we give a plausible argument to
show that if there is a set of R-matrices such that for any S and 7T in that set there
exists R such that R155137T53 = 15351312 then an associativity property is satisfied,
so that (4) is satisfied. Of course our rigorous results do not depend on this plausible
reasoning, but it seems useful to know that the associativity that we observe is not
entirely accidental.

We will prove the Yang-Baxter equation for several types of ice. We will, as we
have mentioned, give Boltzmann weights of two different types I' and A. Moreover
if X,Y € {I', A} we will give an R-matrix Rxy which has the effect of interchanging
a strand of X ice with a strand of YV ice; thus in (3), M is of type X and N is of
type Y. We will prove that Rpr and Raa both satisfy the Yang-Baxter equation,
and we will prove similar relations that involve all four types of ice Rxy in various
combinations.

Of the six types of ice that we will consider—I', A, Rrr, Rra, Rar and Raa, only
I' and Rrr come from the space of R-matrices parametrized by GL(2, C) x GL(1, C).
It is possible that the remaining types that we consider may also fall within a larger
family within the eight-vertex model which can be parametrized by some larger
group. We will not consider this question in this paper.

In another direction, Hlavaty [12] has defined the notion of a Yang-Baxter system,
which like our setup involves six types of ice. We will show that our construction is
an example of a Yang-Baxter system. In the case where the t; are equal, these Yang-
Baxter systems are related to those previously found by Nichita and Parashar [29],
[28].

Hlavaty’s definition has two independent motivations. On the one hand, there



is the work of Freidel and Maillet [9] on integrable systems, and on the other hand,
there is work of Vladimirov [38] on quantum doubles. Briefly, Drinfeld [5] indicated
that one expects to be able to construct a quasitriangular Hopf algebra from solutions
of the Yang-Baxter equation. Faddeev, Reshetikhin and Takhtajan [6] gave details
of such a construction. Further development was given by Majid [25], and a version
for parametrized Yang-Baxter equation was given by Cotta-Ramusino, Lambe and
Rinaldi [4]. Vladimirov’s work seeks to clarify the relation of these constructions to
another construction of Drinfeld [5], namely that of the quantum double. Snobl [28]
is a development from Vladimirov’s work.

Tokuyama’s formula expresses what we have denoted Z(&}) as a sum over strict
Gelfand-Tsetlin patterns. These are triangular arrays of integers with descending
rows that interleave (Section 4). The strict Gelfand-Tsetlin patterns with top row
A+ p are in bijection with states of the model. This connection between states of the
ice model and strict Gelfand-Tsetlin patterns has one historical origin in the litera-
ture for alternating sign matrices. (An independent historical origin is in the Bethe
Ansatz.) The bijection with the set of alternating sign matrices and strict Gelfand-
Tsetlin patterns is in Mills, Robbins and Rumsey [27], while the connection with
what are recognizably states of the six-vertex model is in Robbins and Rumsey [32].
This connection was used by Kuperberg [18] who gave a second proof (after the
purely combinatorial one by Zeilberger [39]) of the conjecture of Mills, Robbins and
Rumsey [27]. Kuperberg’s paper follows Korepin [17] and Izergin [15] and makes use
of the Yang-Baxter equation. It was observed by Okada [30] and Stroganov [34] that
the number of n x n alternating sign matrices, that is, the value of Kuperberg’s ice
(with particular Boltzmann weights involving cube roots of unity) is a special value
of the particular Schur function in 2n variables with A = (n,n,n—1,n—1,--- | 1,1)
divided by a power of 3. Moreover Stroganov gave a proof using the Yang-Baxter
equation. See also Zinn-Justin [40] for a discussion. This occurrence of Schur poly-
nomials in the six-vertex model is different from the one we discuss, since Baxter’s
parameter A is nonzero for these investigations.

Kuperberg [19] generalizes his work on alternating sign matrix enumeration to
other symmetry types using the ice-type models and the Yang-Baxter equation, and
Hamel and King [10] relate one of these classes to a symplectic analog of Tokuyama’s
theorem. Okada [31] enumerates many of the ice types of Kuperberg in terms of
dimensions of highest weight representations of classical groups. In [30] he gives
deformations of the Weyl character identity analogous to Tokuyama’s result with
A = 0 for other classical groups.

Lascoux [21], [20] gave six-vertex model representations of Schubert and Grothen-
dieck of Lascoux and Schiitzenberger [22] and related these to the Yang-Baxter equa-



tion. Fomin and Kirillov [7], [8] also gave theories of the Schubert and Grothendieck
polynomials based on the Yang-Baxter equation. Tsilevich [37] gives an interpreta-
tion of Schur polynomials and Hall-Littlewood polynomials in terms of a quantum
mechanical system. Zinn-Justin [40] gives an interpretation of Schur polynomials in
terms of two-dimensional fermionic systems.

Peter McNamara [26] has clarified that the Lascoux papers are potentially related
to ours at least in that the Boltzmann weights [21] belong to the expanded A = 0
regime. Moreover, he is able to show based on Lascoux’ work how to construct
models of the factorial Schur functions of Biedenharn and Louck.

We are grateful to Gautam Chinta for stimulating discussions. This work was
supported by NSF grants DMS-0652609, DMS-0652817, DMS-0652529 and DMS-
0702438. SAGE [33] was very useful in the preparation of this paper.

1 The Six-Vertex Model

We review the six-vertex model from statistical mechanics. Let us consider a lat-
tice (or sometimes more general graph) in which the edges are labeled with “spins”
+. Depending on the spins on its adjacent edges, each vertex will be assigned a
Boltzmann weight.

The Boltzmann weight will be zero unless the number of adjacent edges labeled
— is even. Let us denote the possibly nonzero Boltzmann weights as follows:
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We will consider the vertices in two possible orientations, as shown. We will put
these Boltzmann weights into a matrix as follows:
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ca by
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bi(R) c1(R)
Co (R) bQ(R)

da(R)
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If the edge spins are labeled v, 3,v,0 € {+, —} as follows:

ot A

O TV

then we will denote by R, 7 the corresponding Boltzmann weight. Different vertices
of the lattice may have dlfferent Boltzmann weights, so we label each vertex by the
corresponding matrix. Thus R{T = a;(R), etc.

We think of R as the matrix of an endomorphism of V' ® V', where V is a two-
dimensional vector space with basis v, and v_. Write

R(v, ® vg) = ZR Vg @ Vs (6)

Then with respect to the basis v, ® vy, v Q@ v_, v_ vy, v_ @v_ if a3 = a1(R) etc.
the matrix R is as in (5).

If ¢ is an endomorphism of V ® V we will denote by ¢12, ¢13 and ¢o3 endomor-
phisms of V ® V ® V defined as follows. If ¢ = ¢/ ® ¢" where ¢', ¢" € End(V') then
Pr2o=0®¢" D1, p13=0" R1®¢" and g3 = 1 ® ¢’ ® ¢". We extend this definition
to all ¢ by linearity. Now if ¢, 1, x are three endomorphisms of V' ® V' we define the
Yang-Baxter commutator

[[¢7 Y, X]] = P12¥13X23 — X23V13012-

Lemma 1 The vanishing of [R,S,T] is equivalent to the star-triangle identity

for every fixed combination of spins o, T, a, 3, p, 0.

The term star-triangle identity was used by Baxter. The meaning of equation (7)
will be clarified in the proof.



Proof For fixed o, 7,0, 3, p,0, 1, v,y the value or Boltzmann weight of the left-
hand side is just the product of the Boltzmann weights at the three vertices, that is,

RZ,‘;S%T o, and similarly the right-hand side. Hence the meaning of (7) is that for
fixed o, 7,0, 3, p, 0
i QY e W8 cpa b
D RASOTIS =) TSRS, (8)
VbtV 0,09

Now let us apply [R, S, T to the vector v, ® v; ® vg. On the one hand by (6)

R12513T23<’UU X (S (059 ’Uﬁ) = R12813 Z Tj’;(va X ’Uw & U(;)
1,0

4
= Ry Z S%Tff(% ® vy ® Vq)
w767¢7a
1 0
= ) TESHERE (0 ®v, @),
¢767¢7a797p

and similarly

823T13R12('UU Qv & 'U/j) = Z RZﬁSigTﬁ?(’Ua X Up X Ua>.

v, p.0,,p,0¢

We see that the vanishing of [R, S, T is equivalent to (8). oS

In this section we will be concerned with the siz-vertex model in which the weights
are chosen so that d; = dy = 0. Baxter [2] in Chapter 9 considered the question
of when given S and T a matrix R can be found such that [R,S,T] = 0. We
will slightly generalize his analysis. He considered mainly the field-free case where
a1(R) = az(R) = a(R), bi(R) = by(R) = b(R) and ¢;(R) = c2(R) = ¢(R). The
condition ¢1(R) = c3(R) = ¢(R) is easily removed, but with no gain in generality.
The other two conditions a1(R) = ax(R) = a(R), by(R) = be(R) = b(R) are more
serious restrictions.

In the field-free case, let

a(R)* + b(R)? — ¢(R)?

AR) === T m)

a1(R) = az(R) = a(R), etc. 9)

Then Baxter showed that the condition on S and T for there to exist R such that
[R,S,T] = 0is that A(S) = A(T).

In the application to statistical physics, phase transitions occur when A = +1.
If |[A] > 1 the system is “frozen” in the sense that there are correlations between



distant vertices. By contrast —1 < A < 1 is the disordered range where no such
correlations occur.

Something interesting happens at A = 0 in the middle of the disordered range.
In order to see this it is better to work with the full six-vertex model without the
condition that a; = as, by = by and ¢; = cs.

Generalizing this result to the non-field-free case, we find that there are not one
but two parameters

CL1<R)CL2(R) + b1 (R)bQ(R) — C1 (R)CQ(R)

A(R) = 2a1(R)b1(R) ’
_ al(R)ax(R) + bi(R)be(R) — c1(R)e2(R)
DNy(R) = 2a5(R)by(R) '

to be considered.

Theorem 1 Assume that a1(S), as(S), b1(S), b2(S), c1(9), e2(S), a1(T), as(T),
bi(T), bo(T), c1(T) and co(T) are nonzero. Then a necessary and sufficient condition
for there to exist parameters ai(R), as(R), bi(R), ba(R), c1(R), ca(R) such that
[R,S,T] = 0 with ¢,(R), ca(R) nonzero is that A1(S) = Ay (T) and Ny (S) = Do(T).

Proof Suppose that A;(S) = A1(T) and Ay(S) = Ay(T). Then we may take

_ 0a(S)ar(T)bi(T) — a1 (S)bi(T)ba(T) + ax (S)ea (T)ea(T)
al(R) a1 (T)
_ al(S)bl(S)ag(T) — (Il(S)ag(S)bl(T) + Cl(S)Cg(S)bl(T) (10)
b1(S) ’
— bi(8)aa(T)ba(T) — az(S)bi (T)bo(T) + az2(S)er (T)ea(T)
CLQ(R) = CL2(T)
B CLQ(S)bg(S)al(T) — &1(5)@2(5)62(T) + Cl(S)CQ(S)bQ(T)
= 0a(9) (11)

bi(R) = b1(S)aa(T) — aa(S)bi(T), ba(R) = ba(S)ar(T) — ar(S)bo(T),  (12)

Cl(R) == Cl(S)CQ(T), CQ(R) == CQ(S)Cl(T). (13)

Using A1(S) = Ay(T) and Aq(S) = Ao(T) it is easy to that the two expressions
for a,(R) agree, and similarly for as(R). One may check that [R,S,T] = 0. On



the other hand, it may be checked that the relations required by [R,S,T] = 0 are
contradictory unless Aq(S) = A4 (7).

In the field-free case, these two relations reduce to a single one, A(S) = A(T),
and it is remarkable that A(R) has the same value: A(R) = A(S) = A(T).

To see what this means, we recall the row-transfer matrices that are the sub-
ject of Baxter’s application of the star-triangle relation. Given Boltzmann weights

ai1(R),as(R),- -+, we associate a matrix 2" x 2" matrix V(R). The entries in this
matrix are indexed by pairs a = (ay, -+ ,ap,), 8= (01, -+, 0n), where oy, 3; € {£}.
If e1,--+ e, € {£} we may consider the Boltzmann weight of the configuration:
(65} 9 (7%
€1 * €2 * cee +5 1
B B2 Bn

Here €,,41 = €1, so the boundary conditions are periodic. The coefficient V(R), s is
then the “partition function” for this one-row configuration, that is, the sum over
possible states (assignments of the &;).

It follows from Baxter’s argument that if R can be found such that [R,S, 7] =0
then V(S) and V(T') commute, and can be simultaneously diagonalized. We will
not review Baxter’s argument here, but variants of it with non-periodic boundary
conditions will appear later in this paper.

In the field-free case when [R,S,T] = 0, V(R) belongs to the same commuting
family as V' (S) and V(T"). This gives a great simplification of the analysis in Chap-
ter 9 of Baxter [2] over the analysis in Chapter 8 using different methods based on
the Bethe Ansatz.

In the non-field-free case, however, the situation is different. If A(S) = A (7))
and Ay(S) = Ag(T) then by Theorem 1 there exists R such that [R,S,T] = 0,
and so one may use Baxter’s method to prove the commutativity of V(S) and V(7).
However A;(R) and As(R) are not necessarily the same as A(S) = A(7T) and
No(S) = Ay(T) and so V(R) may not commute with V(S) and V(7).

In addition to the field-free case, however, there is another case where V(R)
necessarily does commute with V' (S) and V(7'), and it is that case which we turn to
next. This is the case where ajas + b1by — c1co = 0. In this case, with a; = a;(R),

10



etc., we define

m(R)=m b = @ b : (14)

ca by —by as
a2 Co

Theorem 2 Suppose that

a1(S)as(S) 4 b1 (S)b2(S) — c1(S)ca(S) = ar(T)az(T) + by (T)ba(T) — 1 (T)e2(T) (zlg)
Then [R,S,T] = 0 where m(R) = 7(S) w(T)~*. We have

ay (R) CLQ(R) + bl (R) bQ(R) — Cl(R) CQ(R) = 0. (16)

Proof The matrix R will not be the matrix in Theorem 1, but will rather be a
constant multiple of it. We have

_1 1
"M =5 b(T) ar(T)

C1 (T)

where D = ay(T)az(T) 4 b1 (T)bo(T') = c1(T)co(T"). With notation as in Theorem 1,
using (15) equations (10) and (11) may be written

a(R) = ai(S)as(T) + by(S)by(T),
CLQ(R) = ag(S)al(T)+b1(S)bQ(T)

Combined with (12) and (13) these imply that 7(R) = 7(S) D= (T)~!. However we
are free to multiply R by a constant without changing the validity of [R, S,T] = 0,
so we divide it by D.

We started with S and T and produced R such that [R,S,T] = 0 as a function
of these because this is the construction that is motivated by Baxter’s method of
proving that the transfer matrices associated with S and T" commute. However it
is perhaps more elegant to start with R and 7" and produce S as a function of
these. Thus let R be the set of endomorphisms R of V ® V of the form (5) where
a1as + b1by = crco. Let R* be the subset consisting of such R such that c¢yey # 0.

Theorem 3 There exists a composition law on R* such that if R, T € R*, and if
S = RoT is the composition then [R,S,T] = 0. This composition law is determined
by the condition that ©(S) = w(R)nw(T) where m : R* — GL(4, C) is the map (14).
Then R* is a group, isomorphic to GL(2,C) x GL(1, C).

11



Proof This is a formal consequence of Theorem 2. *

2 Composition of R-matrices

Theorem 3, defining a group structure on a set of R-matrices, may be regarded as
a non-abelian parametrized Yang-Baxter equation. The fact that the composition
law on R-matrices that makes S the product of R and 7" when [R,S,T] = 0 is
associative seems worthy of appreciation. This section (which is not needed for the
sequel) contains some heuristic reasoning to explain this associativity.

Let us assume that we are given a vector space V' over a field F' and a subset R
of End(V ® V') which is homogeneous in the sense that if 0 # R € R then R contains
the entire ray F'R. Let P(R) be the set of such rays.

Let us assume that if R, T are nonzero elements of R then there is another S € R
that is unique up to scalar multiple such that [R,S,T] = 0. We reiterate that there
might be such an S that would be useable for applications but that it might not
lie in the same space R, and indeed this is the usual situation for the six vertex
model with weights that are not field-free. But with this assumption, (R,T) — S is
a well-defined composition law on P(R). Let us denote this composition S = Ro T
We will give a plausible argument that this composition law should be associative.

We begin with three nonzero elements R, S,T of R. We will compare endomor-
phisms of V@ V@ V ® V. In addition to identities such as Rjs(R o S)13523 =
Sag(R o S)13R12 we will use identities such as Ry3T54 = T54R;3 which are true for
arbitrary endomorphisms of V ® V. First, we have

523(5 oT
Sgg(R oS

24(R08)13(Ro(SoT))1uTs4Riy =
13(5 © T)24(R © (S © T))14R12T34 =
Szz(R oS 13R12(R © (S © T))14(S o T)24T34 =
Riz(R o 8)1383(Ro (S0T))1u(S0T)uTs =
R12(R © 5)13(R © (S © T))14S23(S © T)24T34 =
Rig(R o S)i3(Ro (S 0T))14T34(S 0 T)24593.

~— ~— —

12



On the other hand we have

523(5 © T)24T34(R © (S © T))14 Ro 5)13312 =
T34(5 © T)24523(R © (S © T))14 Ro 5)13312 =
T34(S0T)as(Ro (SoT))1aSs(RoS)izRiy =
T34(S © T)24(R © (S © T))14Rl2(R © 5)13523 =
T34R12(Ro (S0T))1a(SoT)au(RoS)135;3 =
RigT34(Ro (SoT))1s(Ro8)13(S 0T)24553.

Now consider an endomorphism X of V' ® V' ® V that is constrained to satisfy

523(5 © T)24X134R12 = R12X134(S © T)24523-

This is a linear equation in the matrix coefficients of X in which the number of
conditions exceeds the number of variable. It is reasonable to assume that if this has
a nonzero solution that solution is determined up to constant multiple. Therefore
(up to constant) we have

(R o) 8)13(R o) (S o) T))14T34 = T34(R e} (S o T>>14(R e} 8)13.

Taking the determinant shows that the constant must be a root of unity. If /' =R
or C and P(R) is connected, then by continuity this constant must be 1. This
means that (Ro (S oT)) satisfies the definition of (R0 .S) o T, so at least plausibly,
a composition law defined this way should be associative.

3 Gamma ice

Let z1,---,2, and ty,--- ,t, be complex numbers with z; # 0. We will refer to the
z; as spectral parameters and the t; as deformation parameters since these are the
roles these variables will play when we turn to Tokuyama’s theorem. Denote

. t; zi(t; +1 . 1 Zi
ry=| AT ) =

Zi 1

Let 7rr(7,7) = const xap(2)mp(j) !, where it is convenient to take the constant to
be z;(t; + 1). It follows from Theorem 2 that

[Brr(i, ), (@), T(5)] = 0 (17)
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where Rrr(i, 5) is related to mrp(é, j) by the relation (14). Concretely,

Zj +tjzi
tizi —tjz zi(ti +1)
R _ <] 7~ i\li 18
rr Zj (t] + 1) Zi — Zj ( )

The Boltzmann weights are given in Table 1.

ore ovol ove lotol ote | oic
G| VG TEY VET VY [V
Boltzmann
weight 1 % t; n o a4+ 1
e bl o s
Gamma
1 Jl 1 Jl e J 1 ]| J| 2 J
Bovlfezirgnhinn tjzi + Zj tz‘Zj + z; tiZj — thi Zi — Zj (tl + 1)Zz (tj + 1)Zj

Table 1: Boltzmann weights for Gamma ice and Gamma-Gamma ice.

Theorem 4 The star-triangle identity

Z'y,p,,z/ = 26,¢,¢

15 valid with Boltzmann weights as in Table 1.

Proof This follows from Theorem 2 since 7rr (4, j) = const x7r(i)7r(j) . 25

14



We will use Gamma ice to represent Schur polynomials, which are essentially
the characters of finite-dimensional irreducible representations of GL,(C). If u =
(1, -+, pn) € Z™ then we may regard p as an element of the GL,,(C) weight lattice
and call it a weight. If puy > --- > p, we say it is dominant, and if pu; > --- > pu,
we say it is strictly dominant. If p is dominant and p,, > 0, it is a partition.

Note: The word “partition” occurs in two different senses in this paper. The
partition function in statistical physics is different from partitions in the combina-
torial sense. So for us a reference to a “partition” without “function” really means
a partition. Another potentially ambiguous usage is that “weight” will sometimes
refer to an element of the GL,, weight lattice, which we identify with Z". Therefore
if we mean Boltzmann weight, we will not omit Boltzmann.

Let A = (A1, -+, Ay) be a fixed partition. We will denote p = (n—1,n—2,---,0).
We will consider a rectangular grid with n rows and A\; +n columns. We will number
the columns of the lattice in descending order from A; +n — 1 to 0.

A state of the model will consist of an assignment of “spins” + to every edge.
We will also assign labels to the vertices themselves, which will be integers between
1 and n. For Gamma ice the vertices in the i-th row will have the label 7. The spins
of the boundary edges are prescribed as follows.

Boundary Conditions determined by A. On the left and bottom boundary edges,
we put +; on the right edges we put —. On the top, we put — at every column labeled
Xi+n—1 (1 <i<n) that is, for the columns labeled with values in X\ + p. Top
edges not labeled by \; +n — 1 for any i are given spin +.

For example, suppose that n = 3 and A\ = (3,1,0), so that A+ p = (5,2,0). Then
the spins on the boundary are as follows.

SHO1O OO0 1o
S rO O PO OO ro
S 1O PO O 1O PO
(19)

The column labels are written at the top, and the vertex labels are written next to
each vertex. The edge spins are marked inside circles. We have left the edge spins on
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the interior of the domain blank, since the boundary conditions only prescribe the
spins we have written. The interior spins are not entirely arbitrary, since we require
that at every vertex e the configuration of spins adjacent to the vertex be one of the
six listed in Table 1 below under “Gamma ice.”

Let G} be the Gamma ensemble determined by A, by which we mean the set of all
such configurations, with the prescribed boundary conditions. If x € &%, we assign
a value w(z) called the Boltzmann weight. Indeed, Table 1 assigns a Boltzmann
weight to every vertex, and w(z) is just the product over all the vertices of these
Boltzmann weights. The partition function Z(&) of an ensemble & is ) s w(x).
As an example, suppose that n = 2 and [ = (0,0) so A + p = (1,0). In this case &}
has cardinality two, and Z(&%) = t;25 + 2;. The states are:

N P R P A

ISR

sate b & | &b

Boltzmann weight t129 21

The partition function will be evaluated later in this paper using the star-triangle
relation.

We will encounter more general partition functions involving different arrange-
ments of vertices. We may consider a planar graph in which each vertex has four
adjacent edges. Each edge along the boundary of the graph is assigned signs in some
fixed way, and each vertex is assigned an R-matrix from a six-vertex model, or later,
an eight-vertex model. The states of the system depend on the choice of spins to
label the interior edges of the graph. Given such a state, the Boltzmann weight of the
configuration may be computed by multiplying the weights over all vertices. These
may then be summed over all possible states, and this is the partition function. For
example, in the star-triangle identity (7) either side of the equation is the partition
function for such a configuration involving exactly three vertices.

4 Gelfand-Tsetlin patterns

Let us momentarily consider a Gamma ice with just one layer of vertices, so there
are two rows of edges, top and bottom. Let a,--- ,a,, be the locations (from left
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to right) of — in the top row of edges with this labeling, and let 3y, -- , B, be the
locations of — in the bottom row of edges. For example, in this ice:

o} 4 3 2 1 0
© 9 & O & O
® & o & & ©

we have m = 3, m' = 2, (a1,a9,a3) = (5,2,0) and (51, 02) = (3,0). Since the
columns are labeled in decreasing order, we have ay > ap > --- and 1 > 35 > - -~

Lemma 2 Suppose that the spin at the left edge is +. Then we have m = m' or
m' +1anday = 0 = az > .... If m = m' then the spin at the right edge is +,
while if m =m/ + 1 it is —.

We express the condition that ay > 31 > ag > ... by saying that the sequences
a1, o, -+ and [y, (o, - - interleave. This Lemma is essentially the line-conservation
principle in Baxter [2], Section 8.3.

Proof The spins in the middle row are determined by those in the top and bottom
rows and the left-most spin in the middle row, which is +, since the edges at each
vertex have an even number of + spins. If the rows do not interleave then one of the
illegal configurations

o S
S0 | CoOD
S/ &

will occur. Thus «aq > (3 since if not, the vertex in the $; column would be sur-
rounded by spins in the first illegal configuration. Now [, > s since otherwise
the vertex in the as column would be surrounded by spins in the first above illegal
configuration, and so forth. The last statement is a consequence of the observation
that the total number of spins must be even. ke

We recall that a Gelfand-Tsetlin pattern is a triangular array of dominant weights,
in which each row has length one less than the one above it, and the rows interleave.
The pattern is called strict if the rows are strictly dominant.

It follows from Lemma 2 that taking the locations of — in the rows of vertical
edges gives a sequence of strictly dominant weights forming a strict Gelfand-Tsetlin
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pattern. For example, given the state

the pattern is

ot
[\]
=)

(20)

It is not hard to see that this gives a bijection between strict Gelfand-Tsetlin patterns
and states with boundary conditions determined by A. Let us say that the weight of
a state is (p1,- - , fn) if the Boltzmann weight is the monomial z# = [] 2" times a
polynomial in ¢;. If ¥ is a Gelfand-Tsetlin pattern, let di(%) be the sum of the k-th
row. We let d,1(%) = 0.

Lemma 3 If T is the Gelfand-Tsetlin pattern corresponding to a state of weight u,
then puy, = di(T) — dis+1 (T).

Proof From Table 1, u is the number of vertices in the k-th row that have an edge
configuration of one of the three forms:

® 1@ .9
S] & S)

Let «; and ; be, respectively, the numbers of the columns where the top edge spin or
the bottom edge spin of the vertex in the k-th row and i-column is — (with columns
numbered in descending order, as always). By Lemma 2 we have ag > ; > ay >
<o+ 2 apa1_g- It is easy to see that the vertex in the i-column has one of the above
configurations if and only if its column number ¢ satisfies a; > 7 > 3; for some j.

Therefore the number of such i is 3> a; — 32 6; = di(T) — dpsr (T). 25
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5 Evaluation of Gamma Ice

In this section we will prove

Theorem 5 Let A = (A1, ,\,) be a partition. Then

Z(6£> = H(tlzj + Zi)SA(Zl, e 7Zn)'
i<j
To begin with, define
Z(6})
[L;(tizj + z:)

SE(Zla"' 7Zn;tl7“' 7tn): (21)

We will eventually show that s} is the Schur polynomial sy. But a priori it is not
obvious from this definition that s} is symmetric, nor that it is a polynomial, nor
that it is independent of ¢.

Lemma 4 The expression (tyi121, + 2111)Z(SY) is invariant under the interchange
of the spectral parameters: (zg,tr) < (Zk11, ter1)-

Proof We modify the ice by adding a Gamma-Gamma R-vertex (that is, one of the
vertices from the bottom row in Table 1) to the left of the k£ and k + 1 rows. Thus
(19) becomes (with k = 2 for illustrative purposes)

which is a new boundary value problem. The only legal values for a and b are +, so
every state of this problem determines a unique state of the original problem, and
the partition function for this state is the original partition function multiplied by
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the Boltzmann weight of the R-vertex, which is txy12x + 21 Now we apply the
star-triangle identity, and obtain equality with the the following configuration.

& 4.6 99§
5579
50679
@ © b & b &

Thus if & denotes this ensemble the partition function Z(&') = (tg12x+2111)Z(SY).
Repeatedly applying the star-triangle identity, we eventually obtain the configu-
ration in which the R-vertex is moved entirely to the right.

>~

H
D
h

O

w

Now there is only one legal configuration for the R-vertex, so ¢ = d = —. The
Boltzmann weight at the R-vertex is therefore t;zx11 + 2;. Note that (z,tx) and
(2k+1, tk+1) have been interchanged. This proves that ({1121 + 241)Z(S)) is un-
changed by switching (zg, ;) and (zxy1, trt1)-

Proposition 1 s} is a symmetric polynomial in 2y, -+, z,, and is independent of
the tl
Proof Consider
[tz +z)Z(8Y). (22)
i<j

We will show that this is invariant under the interchange k < k£ + 1. This means
that we interchange both z; with 2,1 and ¢, with t4.;. Indeed, we may write (22)
as (tgy12k + 2641)Z(6Y) times the product of all factors ¢;z; + z; with i < j except
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(i,j) = (k,k 4+ 1). These factors are permuted by k < k + 1, so the statement
follows from Lemma 4. Thus (22) is invariant under permutations of the indices,
where it is understood that the same permutation is applied to the t; as to the z;.

Now (22) equals [],;(t;2i + 2j) s3(21,- -, 2), s0 it follows that s} is also invariant
under such permutations. Moreover, (22) is divisible by each ¢;z; + z; with i < j
in the unique factorization ring C[zy, -+, 2,,t1, -+ ,t,] . The symmetry property

implies that it is also divisible by ¢;2; + z; with ¢ < j, and since these are coprime
to [[,;(tjzi + z;) it follows that Z(&Y) is divisible by these. Therefore s is a
polynomial in C[zq, -, z,, b1, , 1]

It remains to be seen that it is independent of ¢. In

r_ Z(6})
[Lic;(tizj +2:)°

S

we regard the numerator and the denominator as both being elements of R[t;] where
R = Clz1,-++ ,2n,tj(j # i)]. From what we have shown, s} is a polynomial. We
claim that both the numerator and denominator have the same degree : —1 in ¢;. For
the denominator, this is clear. For the numerator, the number of — in the top row
of vertical edge spins is n by the boundary conditions, and it follows from Lemma 2
that each successive row has one fewer —. This means that there are ¢ — 1 vertices
labeled 7 such that the spin on the edge below it is —, and from Table 1, it follows
that the number of Boltzmann weights equal to z;(t; + 1) or ¢; in any particular
state is < i — 1. The degree of the numerator is thus < ¢ — 1 and since the degree
of the denominator is i — 1, and the quotient is a polynomial, both numerator and
denominator must have degree ¢+ — 1 in ¢;. Thus the quotient has degree zero, and
does not involve t;.

We may now conclude the proof of Theorem 5 by showing that s} = sy. Since
s% is independent of ¢;, we may take all {;, = —1. Now in (21) the denominator

becomes [],_ ;(zi — z;). Since this is skew-symmetric under permutations, the nu-
merator Z(GY) is also skew-symmetric. With ¢; = —1 any state containing a vertex

in configuration g has Boltzmann weight 0, so we are limited to states omitting
this configuration. In view of the bijection between states and strict Gelfand-Tsetlin
patterns, this means that the corresponding Gelfand-Tsetlin pattern ¥ has the prop-
erty that every entry from any row but the first is equal to one of the two entries
directly above it. It is easy to see that the weight p of such a coefficient, described
by Lemma 3, is a permutation ¢ of the top row of ¥, that is, of A+ p. These weights
are all distinct since A\ + p is strongly dominant, i.e. without repeated entries. Since
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. . . . . . ; Po(i)FAo (i
it is skew-symmetric, its value is sgn(o) times a constant times ] z}7 = 277",

To determine the constant, we may take the state whose Gelfand-Tsetlin pattern is

A1+ p1 A2 + p2 An
T _ Ao + p2 | | An
An
This has weight [] z])-‘j TP and so

Po(i)FAa ()
Horer ) = eSO
Hi<j (Zj - ZZ)

which equals s)(z1,- -, z,) by the Weyl character formula.

6 Tokuyama’s theorem

We recall some definitions from Tokuyama [36]. An entry of a Gelfand-Tsetlin pat-
tern (not in the top row) is classified as left-leaning if it equals the entry above it
and to the left. It is right-leaning if it equals the entry above it and to the right. It
is special if it is neither left- nor right-leaning. Thus in (20), the 3 in the bottom row
is left-leaning, the 0 in the second row is right-leaning and the 3 in the middle row
is special. If T is a Gelfand-Tsetlin pattern, let [(¥) be the number of left-leaning
entries. Let di(T) be the sum of the k-th row of ¥, and d,41(%) = 0.

Theorem 6 (Tokuyama) We have

2 (H sz(s>dk+1(s>> {4+ 1) = T+ t2)sa(zn, s 20),

T \k=1 i<j

where the sum is over all strict Gelfand-Tsetlin patterns with top row A + p.

Proof If ¥ corresponds to a state of the Gamma ice with boundary conditions
determined by A, then we will show that the Boltzmann weight of the state is the
term on the left-hand side. From Lemma 3 the powers of z are correct. It is easy to
see that if the k-th row of ¥ is left leaning (respectively special), and that value is
J, then the entry in the j-column and the k-th row of the ice is

© ?
PP 6P
é respectively é
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so from Table 1, it follows that the powers of ¢; are also correct. The statement now
follows from Theorem 5. 2S

7 The Yang-Baxter equation for Gamma-Gamma
ice

We will prove a star-triangle relation that only involves Gamma-Gamma ice. Let us
think of Gamma ice as being organized into strands of horizontal edges, with every
Gamma vertex of the strand having the same label . We may think of Gamma-
Gamma ice as a tool that switches two strands. The following result states that this
tool respects the braid relation. We have drawn this picture differently from that
in Theorem 4 since this Yang-Baxter equation involves only horizontal edges, while
that in Theorem 4 involves both horizontal and vertical edges.

@ e W
i o(0) ()" X)ok  ie(0) N——()ek

With o, 7, 8, a, p, 0 fixed, we may regard these two configurations as ensembles each
involving three Gamma-Gamma vertices. The Yang-Baxter equation says that they
have the same partition function.

Theorem 7 The Yang-Bazter equation is true in the form

Z R(j, k)b R(i k)GA’R(z J)ok = Z R(j, k wR(z k:)ﬁ?R(z ])dffp,
Loy 8,p,%

with R = Rrr.

Proof This follows from Theorem 3 since 7rr (4, j) = const x7r(i)7r(j) !, so

mrr (4, J)mrr(J, k) = const x7rr (4, k).
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8 More Star-Triangle Relations

There are further star-triangle relations which go outside the six-vertex model. We
find that the discussion in Section 1 can be extended the set of Boltzmann weights
in the eight vertex model that has either ayas + bibs — cico = 0 and d; = dy = 0
or aijas + biby — dids = 0 and ¢; = ¢ = 0. The parameter subgroup will have the
GL(2,C) x GL(1, C) of Theorem 3 as a subgroup of index two. Let R’ be the set of
R as in (5) with such weights, where it is assumed ajas + b1by # 0.

Theorem 8 There exists a composition law on R* such that if R, T € R*, and if
S = RoT is the composition then [R,S,T] = 0. This composition law is determined
by the condition that w(S) = n(R)w(T) where m : R* — GL(4, C) is the map defined

by (14) if ¢1,co are nonzero, and by

if di,dy are nonzero.

Here i = +/—1.

Proof Let us call R € R* of Type C' if ¢q,co are nonzero (so d; = dy = 0) and of
Type D in the other case. There are four cases to consider. One, where R and T
are both of type C, is already in Theorem 3. In the other three cases, we compute
[R,S,T] =0 with S as follows.

If R is of type C' and T is of type D then S is of type D with

N

a1

n

s

2

<o
nn

1

(
(
(
2
(
(

=

S8

NN N
~— N N N

1

dy (S

iaz —Zbl
bg Zb2 ia1
a2 do
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If Ris of type D and T is of type C' then S is of type D with

> 9
=N
»n
I
s 8
N/~
T2 F
= 8
—~~
54 S
~— ~—
I+
L o
N =
A~~~ o~
X X
~— ' ~— ~—
S o
[
A~~~ o/~
N S
~— — ~— ~—

Q
—
2]
Il
QL
—
~—~~ —~
Y
S—
Q
no
/N TN TN /N
~
S— N N N

a(S) = —ax(R)az(T) + b1 (R)bo(T),
ay(5) = —ar(R)ar(T) = ba(R)br(T),
b1(S) = ba(R)as(T) + a1 (R)bo(T),
bo(S) = bi(R)ar(T) + ax(R)by(T),
ca1(S) = di(R)dy(T),
c2(S) = da(R)dy(T).
These computations may be translated into the identity 7(S) = 7(R) (7). oS

We will give some applications of this. The Boltzmann weights for a variety of
other models are given in Table 2. While Gamma ice is of Type C in the terminology
of the last proof, we also introduce Delta ice which is of Type D. Delta-Delta ice is of
Type D and Gamma-Delta and Delta-Gamma ice are of Type C. We will distinguish
between Gamma ice and Delta ice by using e to represent Gamma ice and o to
represent Delta ice, and variants of this convention will also distinguish the other
four types of ice.

Thus in addition to (18) we have:

zit; + z;
Raalziti 2, 1) = Z'Z;I_Z; zj]t?j ZZZ;z 7
zZit; + z
—zi +tit;2; Zit; + 2
Rra(ziti, 2, t5) = b zjti + 2 ’
zZit; + z; ’ Z; — Zj
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e o8 o8 o8 oSl o®a [o5a

e & & | é & | & &

Boltzmann

%‘jf; ii)ﬁo ba. B 3:\;(@0 aiz\}(eo ‘c’::){eo iz){eo
7 7 7 ) i ? 2l 2 J |2 Wi

Boltzmann

weight tizi+ 2z |zt +1) | tizg—tizi |z — 2z | (Gi+ 1)z | 2+ tz

G%I;Ea %ﬁ‘y@i 3::)(@«’ é{;}{ei %j‘y@l 312)(&# %yi

R-ice D Do | oD OO0 | e Do | oD OO0 e Do | e OO
/) J 7 J 11 J ? Jl J 1 ]

Bolt

Owezigl}inn titiz—z | (G + Dz | iz + 2 |tz +a | i+ Dz | z— 2

Delta- ii;(eoie\ie;ﬁeoigﬂ@oie\izﬂeo

Gamma

R-ice . b S be |Q S| O Do S
/) J 7 J 11 J 2 2l 1 J 1 Wi

Bolt

Owezilgn}inn i T Zj (tz + 1)21 tjzi + Zj tZZl + Zj (t] + 1)2’] —tlt]ZZ + Zj

Table 2: Boltzmann weights for various types of ice with spectral parameters (z;,t;)
and (z;j,t;). (See Table 1 for Gamma and Gamma-Gamma ice.)

i T Zj thj + Zj
. Ziti + Zj
Rar(2i, ti, 2, ) = it + 2
Zﬂfi + z; Zj — titjzi
We will denote by I'(2;, t;) what was previously denoted I'(7). We have also A(z;,t;):
F<Z’Z7 tz) - 1 2 ) A<Z’L7 tz) - 1
Theorem 9 If X, Y € {I',A} then
[Rxv (2i, ti, 25, t5) , X (23, 8:), Y (25, 85)] = 0. (23)
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Proof In each of the four cases
T(Rxy (2 iy 2, t5))m(Y (25, 15)) = 2(t; + 1) x m(X (23, :)).
The result then follows from Theorem 8. ke

Now we turn to generalizations of the Yang-Baxter equation. For every choice
of z and t and X € {T',A}, let V¥(z,t) be a two-dimensional vector space with
basis v3 (z,t) and v¥(z,t). Then RXY(z,t1,29,t5) defines an endomorphism of
VX(Zl,t1> X VY(ZQ,t2> by

R(UU & UT) = Z RZ'_L,.LUZ, &® ) R = RXY(Zl, tl, 29, tz)
uv

Theorem 10 If X,Y,Z € {T", A} then we have
[Rxy (#1,t1, 22,t2), Rxz(21,t1, 23, t3), Ry z(22, t2, 23, t3)] = 0.

Moreover
[[RXY(227 tla 21, t?)) RXZ(Z37 tla 21, t3)7 RYZ(Z37 t27 292, t3)]] = 0
Proof This follows from Theorem 8. SS

We now describe the boundary conditions for Delta ice in the ensemble G5 that
appears in the second identity in (1). The columns are labeled, as with the Gamma
ice, in decreasing order. However we label the vertices in decreasing row order, so
the labels of the vertices of the top row are n, and so forth.

The Delta ice boundary conditions are as follows. We again fix a partition A\. On
the left boundary edges, we put —; on the right and bottom edges we put +. On
the top, we put — at every column labeled A\; +n — i (1 < i < n), that is, for the
columns labeled with values in A + p. Top edges not labeled by \; + n — ¢ for any ¢
are given spin +. Thus if A = (3,1,0), here is the Delta ice. (To indicate that this
is Delta ice, the vertices are marked o.)

S 2030200
S 1O 202D =
S 2O 20 2D+
S 2O 202D
S 2O 30 2D~
S 2030 20D=
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Theorem 11 The partition function is

Z(Gf)(zb s Znite, e 7tn) = H(tjzj + Zi)SA(Zla"' azn)'

i<j
Proof This is proved analogously to Theorem 5, using the case X =Y = A of
Theorem 9. We leave the details of the proof to the reader. ke
Theorem 9 may be used to show that
[tz +2)2(8%) = Z(&3) [ [tz + =) (24)
i<j 1<j

directly without invoking Theorems 5 and 11. This fact is closely related to State-
ment B in Brubaker, Bump and Friedberg [3], and the following argument may be
used to give an alternative proof of that result in the special case where the degree
(denoted n in [3]) equals 1.

Begin with an element = of &}, say (for example with A = (3,1,0)):

D+
—
<

X0,

O D=
D 1O D=
D 1O D
D 1O D -
D 1O 0=

D
D
S
S
S

b & &

(The unlabeled edges can be filled in arbitrarily.) We wish to transform this into an
element of an ensemble that has a row of Delta ice so that we may use the mixed
star-triangle relation. We simply change the signs of all the entries on the edges in
the 3 row:

S 2D 1O D+
S 1D 1O 1D =
S 2D 1O 1D
S 2D 1O D
S 2D 1O D~
S 2D 1O D=
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Let 2’ be this element of the mixed ensemble &’. We observe that the Boltzmann
weights satisfy w(z) = w(2’). Indeed, in the bottom row only the following types of
Gamma ice can appear:

These change to:

Gamma
Ice

Delta
Ice

Observe that the weights are unchanged. Note that this would not work in any
row but the last because it is essential that there be no — on the bottom edge spins.
Now we add a Gamma-Delta R-vertex.

If &” is this ensemble, we claim that Z(&") = (t323 + 22) Z(&') = (t323 + 22) Z(6Y).
Indeed, from Table 2, the values of a and b must be +, — respectively and so the
value of the R-vertex is t3z3 + 23 for every element of the ensemble. Now using the
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star-triangle relation, we obtain Z(&") = Z(&") where &" is the ensemble:

Here we must have ¢, d = 4, —and so (t323+22) Z(6Y) = Z(&") = (ty23+20) Z (&)
where &) is the ensemble:

We repeat the process, first moving the Delta layer up to the top, then introducing
another Delta layer at the bottom, etc., until we have the ensemble &%, obtain-
ing (24).

9 Yang-Baxter Systems

The results of this section are further applications of Theorem 8.
An important property of the R-matrices Rxy (zi,t;, 2j,t;) is that they are pro-
jectwvely triangular. That is,

Rxy (zi,ti, 25, t5) 7t = exy (zi, i, 25, t) P Ry x (25, tj, i, ti) P (25)
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where cxy (2, t;, 25, t;) is a scalar and

1

The constant cyy may be eliminated by multiplying Rxy by suitable scalar - for
example in the case X =Y = T if Rpp(zi, 6, 25,t5) = (25t; + 2) "' Rrr(2i, i, 25, t5)
then R’ satisfies (25) without the cxy, at the cost of introducing denominators.

Yang-Baxter systems occur with varying degrees of generality in connection with
different problems. One type occurs in the work of Vladimirov [38] on quantum
doubles; another type occurs in Hlavaty [13] on quantized braided groups. The most
general formulation [14], [12] involves four types of matrices which correspond to our
Rxy, X, Y € {F, A}

The axioms for a parametrized (or “colored”) Yang-Baxter system in the most
general definition require four types of matrices, A, B,C, D, depending on the pa-
rameter z and subject to the properties

[4,A4,A] = o0, [D,D,D] = 0,
[4,C,C] = o0, [D,B,B] = o0,
A BLB = o, D.CtCH = o, (26)
A C B = o0, D.B,CYl = 0,

where we now denote
[[X, Y, Z]] = X12(Z1, 22)3/13(21, 23)223(227 23) - Z23(Z27 Z3)Y13(21; Zs)Xu(Zl, 22)

and X*(21,20) = PX(29,21)P. We have two spectral parameters z and ¢, so we
interpret
Xi(zh tla 292, t2> - PX(227 t27 21y t1>P

Theorem 12 Let X,Y € {I', A}. Then
A= Rxx, C =B = Rxy, D:RYYi
is a Yang-Baxter system satisfying (26).

Proof We leave the verification to the reader. :%

Note that by projective triangularity we may replace B by Ryx ', which is a
scalar multiple of Rxy*. Thus if X =T',Y = A we have the Yang-Baxter system

A = Rrr, B = Rar ', C = Rra, D = Rant,
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which uses each of the four braided ice in Table 2 exactly once. It is probably most
interesting to take X # Y, but worth noting that we can also make a Yang-Baxter
system involving only Rrr (or Raa) playing all four roles. And we also obtain a
Yang-Baxter system as follows by interchanging the z; (but not the ¢;) in the spectral
parameters.

Theorem 13 Another set of four Yang-Baxter systems may be obtained by taking

A= Rxx, C =B = Ryy, D=RL,,

where X

Rxy(z1,t1, 22, t9) = Rxy (22,1, 21, t2).
Proof We leave this to the reader. SS
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