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Abstract

We show that elements of a natural basis of the Iwahori fixed vec-
tors in a principal series representation of a reductive p-adic group
satisfy certain recursive relations. The precise identities involve oper-
ators that are variants of the Demazure-Lusztig operators, with cor-
rection terms, which may be calculated by a combinatorial algorithm
that is identical to the computation of the fibers of the Bott-Samelson
resolution of a Schubert variety. This leads to an action of the affine
Hecke algebra on functions on the maximal torus of the L-group. A
closely related action was previously described by Lusztig using equiv-
ariant K-theory of the flag variety, leading to the proof of the Deligne-
Langlands conjecture by Kazhdan and Lusztig. In the present paper,
the action is applied to give a simple formula for the basis vectors of
the ITwahori Whittaker functions. We also show that these Whittaker
functions can be expressed as nonsymmetric Macdonald polynomials.

1 Introduction

One of Steve Rallis’ many enthusiasms was the proof of the Casselman-
Shalika formula, exploiting the property of the Iwahori fixed vectors in the
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Whittaker model. This paper reconsiders these Iwahori fixed vectors for the
unramified principal series of a split, reductive Chevalley group G over a
non-archimedean local field F'.

By the Iwasawa decomposition, G = BK with B the standard Borel
subgroup of G and K a certain maximal compact subgroup, and B = NT
with N a maximal unipotent subgroup and 7" a maximal F-split torus. Given
an unramified quasi-character of T (i.e. a character trivial on T'(0) where o
denotes the ring of integers of F'), then we may form the induced principal
series representation 7 := Ind$ (7).

Let B_ be the Borel subgroup opposite to B and let N_ denote its unipo-
tent radical. Fix a character ¢ of N_(F") lying in an open T-orbit. A Whit-
taker functional is a linear map

Q, :IndG (1) — C  with Q. (7(n_)f) = ¥(n_)Q(f)

for all f € Ind%(7) and all n_ € N_. Rodier showed that the space of such
functionals is one-dimensional [28], building on earlier work of Gelfand and
Graev, Gelfand and Kazhdan, Piatetski-Shapiro, and Shalika. This is true
even if Ind%(7) is reducible. However we will assume that 7 is in general
position, and that this induced representation is irreducible.

Let J be the Iwahori subgroup which is the preimage of B_(F,) in the
special maximal compact subgroup G(o). Let M(7) := Ind%(7)’, the space
of Iwahori fixed vectors in the principal series. Then to any f € M(7), we
may associated an “Iwahori Whittaker function” defined by

Wrs(9) == Q:(7(9) f), (1)

where 7 indicates that we are taking the contragredient representation of
Ind% (7). For most 7, the dimension of M (7) is equal to the order of the Weyl
group W of G. Here we study Iwahori Whittaker functions for the so-called
“standard basis” of M(7), denoted {®, },ew and made from characteristic
functions on J-double cosets of K. See Section 2 for their precise definition
and [16] for further information. The notation in (1) will be slightly modified
in Section 3, corresponding to a convenient normalization of the Whittaker
function.

Iwahori fixed vectors were employed in Casselman [7] and Casselman and
Shalika [8] in their computation of the spherical and Whittaker function-
als on the unique (up to constant) spherical vector in unramified principal
series. Clever use of intertwining operators allowed them to avoid explicit
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computation of the Whittaker functional on all but one Iwahori fixed vector.
Later Reeder [26] gave a closed formula for Iwahori Whittaker functions of
the so-called “Casselman basis” and an answer in terms of a Lefschetz trace
for a certain subset of standard basis elements — those w € W corresponding
to standard parabolic subgroups of G.

In this paper, we build Iwahori Whittaker functions for any standard basis
element from certain operators on the ring O(T) of regular functions on the
dual torus of 7. The precise form of the operators will be determined by
formulas relating the Whittaker functional and intertwining operators found
in [8].

To explain this, we may identify an unramified character 7 of T'(F) with
an element z of the dual torus 7' (C), and we may associate an element a_y of
T(F) with a weight A of T(C). The Whittaker function W; ¢(a_,) vanishes
unless \ is dominant. We may also think of A as a rational character of 7/(C)
which we may apply to z7!, the Langlands parameter of the contragredient,
and we will denote the result as z=*. Recall that for each simple reflection
s; € W, the Demazure operator 0; is defined as follows:

0if(z) = (1—27")7"(f(z) — 27 f(s:2)). (2)
The operators we use to describe Iwahori Whittaker functions are:
D, =(1- q_lz_o‘i)&- and %, =9, — 1. (3)

Using these operators, we give three answers for the value of Iwahori
Whittaker functions — in terms of Hecke (A)lgebras, geometry of (B)ott-
Samelson varieties, and (C)ombinatorics of Macdonald polynomials.

For the first answer, let v be a parameter that may be either a complex
number or an indeterminate, and let ‘H, be the Iwahori Hecke algebra with
generators T; satisfying T? = (v — 1)T; + v and the braid relations. In
Section 4, we show that the map T; — ¥, gives a representation of this Hecke
algebra on O(T'(C)).

Let #, be the (extended) affine Iwahori Hecke algebra (Section 4), ob-
tained from H, by adjoining an abelian subalgebra isomorphic to the group
algebra of the weight lattice.

Theorem A (Theorem 2, Section 4). To any w € W and any dominant
weight A,
W—r,@w (CL_,\) = (*) ‘Iwz’\. (4)
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The action of Hy1 on O(T(C)) extends to Hy1, and the resulting module is
antispherical.

The constant (x) in (4) is an unimportant normalization. The “antispher-
ical” module is the ﬁv-module obtained from inducing the sign character of
H,. At least the statement of this result (or closely related ones) has ap-
peared in the literature. See for example [2] and [27].

Turning to the second answer, we demonstrate that the recursive for-
mula is closely connected to the geometry of Bott-Samelson varieties, which
provide a resolution of singularities for Schubert varieties in the flag variety
G/B, and are a key ingredient in the proof that Demazure characters com-
pute the cohomology of line bundles over Schubert varieties ([4], [12], [1]). To
any w € W, the construction of the Bott-Samelson variety over the Schubert
variety X, depends on a reduced decomposition for w.

Let o = s;,---s;, be a choice of reduced word for w. To tv and any
dominant weight A\ € A, the group of rational characters of T, define an
operator on O(T") by

Ly =9 D

i1 " i
When we want to emphasize the connection to Schubert varieties, we write
Y, := T, and in view of Theorem A, applying the operator to z* with \

dominant gives the Whittaker function.

Theorem B (Theorem 6, Section 7). Given anyw € W with a corresponding
reduced word 1o,
Zyw=Y Poulg Y.,
uw

where q denotes the cardinality of the residue field of F, < is the Bruhat
order, and Py, is the Poincaré polynomial of the fiber in the Bott-Samelson
variety Zy over any point in the open Schubert cell Y, contained the Schubert
variety X,,.

We remark here that similar connections between the geometry of Bott-
Samelson and Schubert varieties and representations of Hecke algebra also
appear in the theory of Soergel bimodules; see for example [30] and [32]. It
would be interesting to establish a direct connection between Soergel bimod-
ules and Whittaker models, though we do not address this question in the
current paper. There is a close connection between Soergel bimodules and
equivariant cohomology of Schubert varieties, but the problem at hand seems
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even closer to equivariant K-theory, a connection which might be important
to develop.

Finally, we connect Iwahori Whittaker functions for the standard basis to
specializations of non-symmetric Macdonald polynomials using results of Ion
[19]. Recall that (symmetric) Macdonald polynomials are a Weyl group in-
variant two-parameter (commonly ¢ and t) family of polynomials associated
to a finite, irreducible root system. Members are indexed by anti-dominant
elements of the corresponding weight lattice A. They simultaneously general-
ize many known classes of symmetric functions and possess deep connections
to zonal spherical functions for real and p-adic groups, and to the represen-
tation theory of affine Kac-Moody groups. See [25] for details.

Non-symmetric Macdonald polynomials, defined more recently by Heck-
man, Opdam, Macdonald, Cherednik, and Sahi, are a family { F\ (¢, t) } where
A may now be any element of the full weight lattice A. By symmetriz-
ing over the W-orbit of A\, we obtain the symmetric Macdonald polynomial.
Non-symmetric Macdonald polynomials are an important tool in the study
of double affine Hecke algebras, but their interpretation in terms of matrix
coefficients for classical or p-adic representations has been investigated in
9, 10, 11]. In certain specializations of ¢,t, one may say more. lon has
shown that E)(q,o0) are Demazure characters of basic representations of
affine Kac-Moody groups [17] and E) (oo, t) are matrix coefficients for M (1)
using the spherical functional [18]. (See also [6].) The following result gives
a further specialization.

Theorem C (Theorem 7, Section 8). Given a dominant weight A\ and a
w € W, the Iwahori Whittaker function for the standard basis element ®,,
at a_y

Wr s, (a-y) = b(T, w)wo Euwgwrip) (0, v1).
is the cardinality of the residue field of F, b(t,w) is a simple,
explicit constant depending only on 7 and w, and wy acts on E by permuting
the variables z.

Here v=!

We caution the reader that notations for non-symmetric Macdonald poly-
nomials differ among various authors, and here we are using the notation in
[19]. As a further point of confusion, the parameter ¢ in F)(q,t) is associated
to the cardinality of the residue field, even though the letter ¢ is commonly
used in the literature of p-adic group representations.

In addition to these three theorems on Iwahori Whittaker functions, in
Section 6 we provide efficient proofs of the Casselman-Shalika formula for



the spherical Whittaker function and the Demazure character formula, using
specializations of the parameter appearing in the operators T;.

We thank Bogdan Ion for pointing out that our recursion could be used
to connect to a specialization of the nonsymmetric Macdonald polynomial.
We also thank Gautam Chinta, Solomon Friedberg, Paul Gunnells, David
Kazhdan, Daniel Orr, Arun Ram, Mark Reeder, and Anne Schilling for help-
ful conversations. Schilling, Mark Shimozono, and Nicolas Thiéry wrote Sage
code for non-symmetric Macdonald polynomials was instrumental in helping
us to refine our results. This work was supported by NSF grants DMS-
0652817, DMS-0844185, and DMS-1001079.

2 Preliminaries

The papers of Casselman [7] and Casselman and Shalika [8] will serve as
the basic references for the local theory. We will slightly change the point
of view: our Whittaker functionals will be computed with respect to the
opposite maximal unipotent subgroup to the Borel from which we induce.
Let G be a split reductive Chevalley group. By this we mean an affine
algebraic group scheme over Z, whose Lie algebra gz has a fixed Chevalley
basis defined over Z corresponding to a root system AY. This is the dual of
the root system A for the Langlands dual group G. We will call elements of
AV coroots. They are roots of G or coroots of G. If T and 1" are standard
maximal split tori of G and @, then the ambient spaces of A and A are the
groups AY = X*(T) and A = X*(T') of rational characters of T and 7. Note
that A is the root system of T, not T, since this root system plays a bigger

~

role in describing the Whittaker function. The lattices X*(7") and X*(7)
are identified with the cocharacter groups X,(T) and X,(T), respectively.
If « € A then ¥ will denote the corresponding coroot. We will denote by
{ai, -+, a,} the simple roots. As usual, A is partitioned into positive and
negative roots, A = A, U A_ and similarly AV.

If o is a coroot, let z,v : G, — G be the corresponding one-parameter
subgroup. We normalize it so that its differential dz,v € gz is a Chevalley
basis vector. By the theory of Chevalley groups there exist a homomorphism

iov : SL(2) — G such that

xav(t):iav((l) i)



Let N be the unipotent subgroup generated by the images of the x,v where
o runs through the positive coroots, and let N_ be the group generated
by the x_,v. Then B = TN is the standard Borel subgroup of G, and
B_ =TN_ is the opposite Borel.

Let F' be a nonarchimedean local field and o its ring of integers, p the
maximal ideal of o, and let ¢ = |o/p|. The residue field will be denoted by
F,. The group G(F') has K = G(o0) as a maximal compact subgroup. This
is the group generated by the x,v(0) with oY € AY. The Weyl group W is
N(T)/T. If w is an element of the Weyl group W, we will choose a fixed
representative of w in G(o0), and by abuse of notation we will denote this
element also as w. Nothing will depend on this choice in any essential way.
The long Weyl group element will be denoted wy.

The group X,(T') of rational cocharacters is isomorphic to T'(F')/T (o),
where the one-parameter subgroup ¢ € X,(T) corresponds to the coset
o(w)T'(0) with @w a prime element. A character 7 of T'(F) is called un-
ramified if it is trivial on T'(0). We will let W act on unramified characters
T, so that

(wr)(t) = 7(w 'tw), we W, teT(F), (5)

where w is any representative of w in the normalizer of T'. Since 7 is unram-
ified, this does not depend on the choice of representative w.
As we have mentioned the group X, (7T) of rational cocharacters of T is

identified with the weight lattice A, which is the group X*(T') of rational
characters of T'. Thus we have a surjection

T(F) — T(F)/T(0) = X,(T) = X*(T) = A. (6)

If A € A we will choose a representative ay € T(F) of the corresponding
coset in T(F)/T(0). Also if z € T(C) and A € A we will denote by z* the
application of the character A to z. Also if t € T(F) we may apply the
homomorphism (6) to ¢ and apply the resulting rational character of T to
z; we will denote the result by 7,(¢). Thus 7, is an unramified character
of T and z — 7, is an isomorphism of T'(C) with the group of unramified
characters of T'(F'). The action (5) is compatible with natural action of W
on T(C).

Let 7 = 7, be such an unramified character. Let I(7) = I(z) be the space
of the representation of G(F') induced from 7,. This is the space of locally
constant functions f : G(F) — C that satisfy

flbg) = (6"*T)(0)f(9), b€ B(F),
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where ¢ : B(F) — R* is the modular character. The action of G(F)) is by
right translation. Thus the corresponding representation 7 = 7, : G(F) —
GL (I(2)) satisfies m(g) f(z) = f(zg).

We pick a character ¢ of N_(F). We assume that ¢poi_,v : FF — C
is trivial on o but no larger fractional ideal. We will consider the Whittaker
functional €, on the module M(z) with respect to the fractional ideal .
This is defined by the integral

The integral is convergent if |z%| < 1 for every a € A,. The functional can
be extended to all z by analytic continuation.

Let J be the Iwahori subgroup of G(F') which is the preimage of B(F,)
and B_(F,) under the mod p reduction map K — G(IF,). We will denote
by M (1) = M(z) the space of Iwahori fixed vectors in 1(z).

Lemma 1. N_(F)N BJ = N(o).

Proof. We have the Iwahori factorization J = N(p)T (o) N_(0). Since N(p)T'(0) C
B an element of N_(F) N BJ may be written as n = bn/ with b € B and
n’ € N_(0). Nowbe BN N_(F)sob=1 and thus n =n' € N_(o). O

Lemma 2. Let A € A, and let & € M(z). Then Q(n(a_,)®) = 0 unless A
s dominant.

Compare Casselman and Shalika [8] Lemma 5.1.

Proof. Let W(g) = Qy(m(g)®). Then if n € N_(F) and k € J we have
W(ngk) = ¢ (n)W(g). If X is not dominant, it is easy to see we may find n €
N_(o0) such that ¢(a_ynay) # 1. Then W(a_,) = W(a_yn) = W(a_ na, -
a_y) = ¥(a_ynax)W(a_,) showing that W(a_,) = 0. O

If we W let us define &2 € M(z) as follows. Every element of G(F)
may be written as bw'k with b € B, Weyl group element w’ having its
representative (also denoted w’ by abuse of notation) in N(7) N K, and

k € J. Define " 0
2y 0P (b) ifw =w,
., (bw'k) = { 0 otherwise.

These are a basis of M (z).



Proposition 1. Given an unramified character T of T'(F') we have

Q. (m(a_,)0%) = { 6'2(ay)z ™ if X is dominant,

0 otherwise.

Proof. By Lemma 2 we may assume that )\ is dominant. Then

O, (m(a_y)®7) = / &% (na_y)(n) dn.

_(F)

Make the variable change n — a_ na, which introduces a factor of d(ay). So

u(r(a-0)8) = 6(a) [ @f(a-n)ila-snay) dn

N_(F)

which equals
S(ax)"?z7 / % (n)i(a_snay) dn.
N_(F)

By Lemma 1 we have ®¥(n) = 0 unless n € N_(0), in which case a_ na, €
N_(o0) also, so ¥(a_ynay) = 1. The statement follows. O

The standard intertwining integral A,, : I(z) — [(wz) is

AZD(g) = / ®(w'ng) dn.
N(F)NnwN_(F)w—1!

The integral is convergent for 7 = 7, with |z%| < 1 when a@ € A*. Tt makes
sense for other z by meromorphic continuation in a suitable sense. Let 7 = 7,

and define
B 1 _ qflza

Co(T) = ——m. 8
(r) =17 (8)
Proposition 2. For any w € W,
1— q—lz—a
0 — —0,.
wz o Au} H 1 _ za z (9)
OLGA+
wa € A_

Proof. We will derive this from Casselman and Shalika [8], Proposition 4.3.
Let €, be the Whittaker functional with respect to the upper triangular



unipotent, which is the functional appearing in their formulas. Casselman
and Shalika prove
1— —lz—a
Q;uz (6] Az = H 1q_—zaQ/Z
a € AT
wo € AT

We take the character of N(F') to be the conjugate of the character ¢ of
N_(F) by m(wp); thus

V() = [ ) vlwong Y dn = [ fl)in) dn.

N(F) —(F)

So Q, = Q, om(wyp) and since AZ is an intertwining operator, the statement
follows. o

Proposition 3. Let a = «; be a simple root and s = s; the corresponding
simple reflection. Then

¢Z + PZ, if sw > w,

AT+ Cal2) Py, = { g NP2 + D7) if sw < w.

The order is the Bruhat order. With s a simple reflection, sw > w is
equivalent to the condition [(sw) = [(w) + 1. See also Rogawski [29] who
interprets the operator as a Kazhdan-Lusztig element in the affine Hecke
algebra.

Proof. We will deduce this from Casselman [7], Theorem 3.4. We observe
that Casselman’s ¢, is m(wg)Pow,- The map w +— wwy is inclusion reversing
with respect to the Bruhat order. Thus the case sw < w corresponds to
Casselman’s first formula, which is

AT} = (Calz) — 1)@ + ¢ 05
Now we make use of the identity Cy,(z) + C_,(z) = 1+ ¢~* and write this
AL = (07 — Cual2))®3 + ¢ 35
Then we replace z by sz and since C_,(sz) = C,(z) we obtain
AFOF = (07 = Ca(2)) P + )L,
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This gives the second case.
For the first case, assume that sw > w. We use Casselman’s second
identity but replace w by sw. So his second identity gives us

AL = O3 + (Calz) — ¢ )7 = O + (1 — C_a(2)) 2y

Again changing z to sz gives the second case of our identity. O]

3 Whittaker functions and Hecke algebras

Let A be a dominant weight. We do not want the 2= in (7); rather, we want
2*. So we will apply the functional € to the contragredient of I(z). This is
the representation I(z~1). Thus our principal object of study is

—1

Wiw(2) = 62 (ay) Qums (m(a_y) D2 ). (10)

We have divided by the constant §'/2(ay) just to keep it out of the formulas.

If s; is a simple reflection, let ©; and T; be the operators that were defined
in (3) of the introduction. The factor 6-*/?(ay) in (10) is independent of z
and therefore commutes with the operators 0;, ®; and ;.

Proposition 4. Let s = s; be a simple reflection. Then
Qi (A= 0% 4 O, (2)0% ) = D010 . (11)

Proof. We use Proposition 2 with z replaced by sz~!. The left-hand side
of (11) equals

a1l 1oy
<—1 1z )Qsz_l@ffl+ (—1 o >Qz_1<1>;_1

1 — zo 1l -z

= (1—q 21— 27 %) Q@2 — 2700 ) = D0, 07
O

Theorem 1. (i) For any dominant weight X,
Wihi(z) = P
(i) Suppose that s;w > w. Then
Wi siw(2) = TIWhw(2).
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Proof. Part (i) follows from Proposition 1. Since ¥; = ©; — 1, part (ii)
follows from combining Proposition 4 with the result of Proposition 3 (with
z~! instead of z). O

In the remainder of the section, we show that the operators T; generate an
algebra isomorphic to the (finite) Hecke algebra. Recall that to a parameter
v, the Hecke agebra H, is a C(v) algebra generated by T; (1 < ¢ < r) subject
to the quadratic relations

T? = (v— 1T +v

(2

and the braid relations

where the number of terms on both sides is the order of s;s;. For the con-
nection to Whittaker functions, set v = ¢~

We first make use of the Whittaker function to give a short proof that
the ¥; satisfy the braid relation. Let D be the ring of operators on O(T) of
the form ) 1 fu-w where f,, € O(T ), and the multiplication is defined by

(f1-w1)(fo-wa) = fi" fo - wywy. The D; are naturally elements of this ring.

Lemma 3. Suppose that D € D and that D annihilates z* for every domi-
nant weight \. Then D = 0.

Proof. Define the support of f € O(T) to be the finite set of weights with
nonzero coefficients in f. Let D = %" . f,-w. We may choose the dominant
weight \ so that the functions f,z%* have disjoint support. Then Dz* = 0
implies that each f,, =0 and so D = 0. m

Proposition 5. Let s = s; and s; be simple reflections. Then the operators
T and T; satisfy the same braid relations as s; and sj. That is, if k is the
order of s;s; then

L =% %% (12)
where k is the number of factors on both sides of this equation.

Proof. By Lemma 3 it is enough to show that these both have the same

effect on 2* where ) is a dominant weight. By Proposition 1, Wy 1(z) = 2.

Applying either side of (12) to W, ;1 gives W) ,, so the statement is clear. [J

The quadratic relations for the %; is simpler, and may be checked directly.
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Proposition 6. For any simple reflection s;,
D? = (1+q¢ "Dy, or equivalently, T:= (¢ —1)T; +q "

Proof. We prove the relation on the ®;. Note that the Demazure operator
0; satisfies

62 = 81 @iz_aiai = —&

(2

On the other hand
D2 = (1— g1 — g~ 2=)0h = (1 — g '2~) (0% — O~ 2~0))

and so D7 = (14 ¢ 1)D;. O

4 Extended affine Hecke algebra modules

The Hecke algebra H, defined in the previous section may be expanded to
the extended affine Hecke algebra H,. The algebra H, is generated by .,
and a commutative subalgebra ©, which is isomorphic to the group algebra
of the weight latice A. As a vector space, H, = H, ® O. Let (* (A € A) be
the basis vectors of © corresponding to its realization as the group algebra
of A, so that ¢(M* = ¢A¢#. Thus to describe the multiplication in H, it is
sufficient to explain how the generators 7; move past the ¢*. This is the
Bernstein relation:

v—1

A SiA _
N e

) - (13)
Note that the right-hand side is in ©; the numerator is divisible by the
denominator in this ring. Let O,(T) = C(v) ® O(T) be the ring of rational
functions on 7' with the ground field extended to C(v).

We use the operators 0;, ©; and T; to give an action of H, on OU(T) as
follows. For 0; we still use the formula (2). For ®; and T; we replace ¢! by
v in (3) so that:

@Z' = (1 - Uz*ai)ﬁi ‘ZZ = Qz — 1.
It is easy to see that

f=sif _Uf - Zﬁaisif'

zv —1 z% —1

T.f = (14)
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The operator ¥; is similar to but slightly different from Demazure-Lusztig
operators defined by Lusztig [24]. For comparison, these are

f—sif [—z%sif
v :

zoi —1 zi—1

fr—

Lusztig [24] used these operators to give a representation of the Hecke algebra
on the equivariant K-theory of the flag variety, which was applied by Kazhdan
and Lusztig [22, 23] to prove the Deligne-Langlands conjecture.

We note that H, admits an algebra homomorphism sgn : H,, — C(v) in
which T; — —1. Indeed, this specialization is consistent with both the braid
and quadratic relations. We may induce this representation to H,, obtaining
what is called the antispherical representation, which we now describe. If V
is any H,-module, let us call a vector v € V' antispherical if

¢ - v =-sgn(p)v, ¢ € H,.

The ﬂv—module M .i; of the antispherical representation is generated by an
antispherical vector mg, such that if V' is any module containing an antispher-
ical vector v, then there is a unique ﬁv—module homomorphism M,,;; — V'
such that mgy — v. Since it is characterized by a universal property, M
is unique up to isomorphism. To prove existence, such a module may be
constructed by quotienting H, by the left ideal generated by the ¥; + 1.

Theorem 2. Let v be an indeterminate. Then there is a representation of H.,
on O,(T) in which T;f(z) = Tif(z) and (M f(2) = 22 f(2) for X € A. The
resulting module is isomorphic to the antispherical module with antispherical
vector z=P. Furthermore

[ T, 1 df X is dominant,
Wiauw(2) = { 0 otherwise.

Closely related facts may be found in Arkhipov and Bezrukavnikov [2]
and Reeder [27]. One would like to say that the antispherical vector corre-
sponds to W_, ;. Now if X is dominant, by (10) we know that that W, ,, is,
up to a normalization, the value of a Whittaker function at a_,. But this in-
terpretation fails when A = —p, because —p is not dominant, and indeed the
Whittaker function vanishes at a, by Lemma 2. So the antispherical vector
in the model corresponds to a “phantom” value of the Whittaker function at
a point where the actual value is zero!
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Proof. First, let us observe that the results of the previous section imply
the braid and quadratic actions. For the quadratic relations, the proof of
Proposition 6 works with ¢~! replaced by an indeterminate v. For the braid
relations, note that if v is specialized to ¢! where ¢ is a prime power, then
the braid relations are are proved in Proposition 5; since there are an infinite
number of such ¢ this implies that they are true as algebraic identities.

This proves that we have a representation of H, on OU(T). To show
that we have a representation of H,, we must also check the Bernstein rela-
tion (13). Apply the left-hand side of (13) to f(z). Writing f and s; f instead
of f(z) and f(s;2), this gives

f=sif vz_kf —z%sif 2T —z27sif UZ_Si/\f — 27 s f

ze — 1 ze — 1 ze — 1 ze — 1

z—>\

The terms involving s; f all cancel. We rewrite the remaining terms by mul-
tiplying each numerator and denominator by —1 to obtain

v
1 — 2z l—2z0 1 —2z% 1 — 2z

v—1 s
(ﬁ) (=M.

It remains for us to show that OU(T) &~ M. First we observe that
there is an antispherical vector z=?, where p is the Weyl vector (half the sum
of the positive roots). Indeed, z7* is annihilated by 0; since s;z77 = 2% 2”,
and so ©;z7” = 0, which implies that the vector 277 is antispherical.

By the universal property of the antispherical module, we have a homo-
morphism M — OU(T) such that my — z=*. We will argue that this
map is injective. First, we have

ﬂv = @ C)\Hva

A€A

1 1 z*Si/\ Zfsi)\
—z7 +vz? + + } f =

80 My is spanned by the vectors ¢ *mo, which are mapped to z7?~*. These
are a basis of O, (7). From this, it is clear that the map is both injective and
surjective. O

Proposition 7. There is a unique action of ’;qul on M(T) in which

D, if sw > w,
T @y = { q Dy + (=1, if sw < w, (15)
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and for A € A,
Dy = 20Dy

For any dominant weight X, the map from M(z~') to O(T)

1

W)\ : ¢ — W,\,¢(Z) = 5_1/2(61)\) Qz—l(ﬂ(a_)\)¢z7 ) (16)
s an intertwiner of 7—~qu1 modules.

Proof. The fact that (15) defines an action of the finite Hecke algebra H,-1
on M(r) follows from the fact that both #,-: and M(7) are vector spaces
with bases indexed by W; so T,, — ®,, defines a vector space isomorphism.
Therefore we may transport the action of H,-1 to an action on M (7) by this
isomorphism, and this regular representation is the action (15).

To check that (16) is an H,-1-module homomorphism, it suffices to verify
that for any simple reflection s; and any w € W,

WA(T; - @) = TW(Dy) (17)

The case where s;w > w is just Theorem 1, Part (ii). The case s;uw < w
follows by the same proof using Propositions 3 and 4.

We claim that the image of Wy in O(T) is closed under the action of Hyo.
Indeed, it is clear that the image of ®; lies in a one-dimensional subspace
invariant under ©, and since 7-[q71 = H,10, the statement follows. Since
(16) is obviously injective on M (7) we may therefore pull back the action of
H,1 on O(T) and obtain an action on M (7). O

5 Bruhat order

In addition to the functions W), ,,(z) defined by (10) it is also natural to sum
over the Bruhat order and write

Wiw(2) = Waw(z).

y<w

In this section, we present formulas for W,\’w using the operator ©; and
combinatorics of the Bruhat order.

Of particular note is the spherical Whittaker function W/\,wo computed
by Casselman and Shalika [8]. In our modified setup the Casselman-Shalika
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formula states that

Wiuwe(z) = [[ 1 ="z (2),

a€A+

where Y, is the irreducible character of G(C) with highest weight A. An
alternate proof of this fact will be given in the next section.

Proposition 8. Let s be a simple reflection and wy,ws € W.

(i) Assume that swy < wy and swy < wy. Then wy < wq if and only if
swy < ws if and only if sw; < sws.

(i) Assume that swy > wy and swy > we. Then wy > we if and only if
swy = woy if and only if swy = sws.

Proof. Part (i) is a well-known property of Coxeter groups, called property
Z(s,wy,wy) by Deodhar [13]. Note that w — wwy is an order reversing
bijection of W. Applying this gives (ii). ]

Suppose that s = s; is a left ascent of w € W: sw > w. Then we will
define
H(w,s) ={u € Wlu, su < w}.

Proposition 9. The set H(w,s) is cofinal in W in the sense that if u €
H(w,s) and t < u thent € H(w,s).

Proof. We have t < u with both u,su < w. We wish to show that ¢ €
H(w,s). We may assume without loss of generality that su < u. For if not,
then v < su so t < su. Thus interchanging u and su if necessary, we may
assume that su < u. Also without loss of generality, ¢t < st since otherwise
both ¢, st are < u < w as required. Now taking w; = su and ws = ¢ in
Proposition 8 (ii), we see that both ¢, st < u and so t € H(w, s). O

Define an integer-valued function ¢, s on W by

Cos(w) = Y (=)0,

t € H(w,s)
t>u

Theorem 3. Let a = «; be a simple root, and let s = s; denote the corre-
sponding reflection. Assume that sw > w. Then

W/\,sw(z) =(1-q 'z @W,\,w(z) —q ! Z Wiu(2). (18)
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Equivalently,

Wiaw(z) = (1= ¢ '27") 0Waw(z) — ¢ Y cus(u)Wau(z).  (19)

ueH (w,s)

Proof. By Proposition 4

0 (ax) (1 — g7 270 Whw = O Q1 (A 057+ Co(2)07 ).

rw

We split the sum into two parts according as sr > x or sr < z and use
Proposition 3. We have

Yo (AR HCa(2)@F ) =0 @) Y Maal(2)tWas(2)).
x> w x> w
sr < x sr < x

By Proposition 8 (ii) with w; = w and we = z, we see that

U {z,sz} ={u e Wlu > sw}.

x> w
ST > x

Therefore this contribution equals 6/2(ay) Wh su(2).
On the other hand, let us consider the contributions from sx < z. By
Propositions 3 and 4 these contribute

' 6%(a) D Waa(2) + Waw(2) = ¢ 6"2(an) ) Waulz

T > w uweH (w,s)
s < x

This proves (18). By Mobius inversion (Verma [31], Deodhar [13]) we may
write
o7 =) (-1,
t<u
and substituting this gives (19). O
The function ¢, s has a tendency to take on only a few nonzero values.
It vanishes off H(w, s). But even if H(w, s) contains many elements, ¢, s(u)

will typically vanish for most of these. This sparseness means there are
usually only a few terms on the right-hand side in (19). For example, in the
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group SL4, with Cartan type Az, if we consider the pairs w, s where s is a
left ascent of w, we find sixteen such pairs where ¢, s is always zero. Thus
for these pairs the identity (19) takes the form

V~V>\73w(z) =(1-— q’lz’a) @Wx,w(z).

There are seventeen pairs (w, s) such that ¢, s(u) # 0 for only one particular
u. Then . 3 3
Wisw(2) = (1 — ¢ 27 0Whw(2) — ¢ Wia(2).

Finally, there are three cases where
WA,sw(z) = (1 - qilzia)aiw)\,wﬂz) - qilw/\,u(z) - qilw)\,v(z) + qilw)\,t<z>

These cases are given by the following by the following table.

w s |u v t
5152535251 | S2 | 51525351 | 52535251 | 525351
52515352 S1 | S15251 515352 5152
525153852 53 | S25352 515352 5352

6 Specializations

There are two interesting specializations of the parameter v, besides v =
¢~ which produces the Whittaker function. We may also take v = 0 and
v = 1. Using information we get from these specializations, we will prove
two well-known interesting results: the Casselman-Shalika formula for the
spherical Whittaker function, and Demazure’s formula (22) below expressing
the character of an irreducible representation as a Demazure character.

We’ve proved using Whittaker functions that the operator ¥; satisfies the
braid relation:

% =TT

where the number of terms on both sides equals the order of s;s;. Recall that

f=sf _1f—z_a7‘31‘f‘

z% —1 z% —1

T =

The two components of this are the divided difference operator

J—sif

z% —1

Dif =
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and —¢ 'z7%9;, with 0; the Demazure operator. It is easy to check that
D; = 0; — 1. We will denote by p the Weyl vector (half the sum of the
positive roots).

Proposition 10. Both D; and 0; satisfy the braid relation.

Proof. For D; we may just specialize ¢—* — 0 in the braid relation for T;. To
deduce the braid relation for 9;, note that —D; and 0; are conjugate in the ring
of endomorphisms of O(T). Inded, if f € O(T) define 0f(z) = 277 f(—z).
We have 0> = 1 and 0(—D;)f = 0;, so 0; also satisfies the braid relation. [J

Now we may define 0,, = 0;, - -+ 0;, where w = s;, ---s;, a reduced de-
composition of w € W. We may emphasize the dependence on ¢ by writing,

instead of W ,,(2) and Wi ,,(2) the notations Wi (2, ¢~ 1) and Wy (2, ¢ 1).

Proposition 11. For any dominant weight A and w € W, then W) ,(2,1) =
(_1)l(w)zw(/\+p)fp‘

Proof. If w = 1, we know this. We argue by induction on [(w). Specializing
to ¢ = 1 the operator T; becomes

f — Sz'f _ f — z_o‘isl-f . z v —1

z% —1 z% —1 z% —1

L=

sif = —z"%s;f.

So it is sufficient to show that the function f,,(z) = (—1)"®) z**+r)=r satisfies
the recursion

_Z_aisifw(z) = fsiw(z)

when s;w > w and this follows from s;p = p — ;. O
Proposition 12. We have
Wiw(2,0) = 9,27

Proof. This is true if w = 1, so we argue by induction on [(w). We have
proven the recursion

W)x,siw(z7q_1) = (1 - q_lz )aWAw(Z C] Z W)\u Z q )

u€H (s,w)
Specializing ¢~! — 0 we have
W)\7siw(za O) = 6@'W)\7w(zv 0)7

and the statement follows. O
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Let &€ be the ring of finite linear combinations of z* with p € A in which
the coefficients are polynomials in ¢='. The ring £ is a principal ideal domain.

Lemma 4. Let f(z,q7 ') € £. Suppose that for each simple reflection s; we
have f(z) = (1—q¢ 1279 fi(z,q7 ') where f; € £ and f; is s;-invariant. Then

flza ) =TI O=a "2 fo(z,a7) (20)

OZGA+
where fy € € and fy is W-invariant.

Proof. The factors (1 — ¢ '27*) with a € A, are coprime in €. First let
us show that f is divisible by each of them. If not, let a be such that
(1 — ¢ '27*) does not divide f. Write « = > m;a; where n; € Z and call
> n; the height of a. We assume the counterexample « is minimal with
respect to the height. By hypothesis, « is not simple, so ht(a) > 1. Thus we
may find s; such that a = s;(8) where (3 is a positive root of lower height. By
induction f(2) is divisibe by (1—¢~'2”). However f(z) = (1—q¢ '27%)fi(2)
where f;(z) is s;-invariant. Since § and s;(/3) are both positive, 5 # «a; and
so f; is divisible by (1 — ¢ 'z7#). Since it is not divisible by (1 — ¢~ '2~%)
this is a contradiction.

Thus we have (20) for fy in €. To see that fj is invariant under W, write

Bz = I a-a'2 " iz),
RS A+
a# o

where f; is s;-invariant, and the factors in the product are permuted by s;,
S0 fo is s;-invariant for every simple reflection s;. m

Let W5(2) := Wawe = 3. Whw(2) be the spherical Whittaker function.
Theorem 4. (Casselman-Shalika) Let A be a dominant weight. Then
Wi(z) = ] (1 —q'2*)0u,2" (21)
acA4

This can be compared with the Casselman-Shalika formula as it is usu-
ally stated when we show in Theorem 5 that Ouw, 2" is the character of the
irreducible representation of G(C) with highest weight .
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Proof. Let

Since f; is in the image of 0; it is s;-invariant. Moreover Wy = 9,g, =
(1 — ¢ '27)f;. By the Lemma it follows that

IT ="z f(2)
OCEA+
where fy is W-invariant. We have
Wi(z) =) T2

and each term is a polynomial in ¢~! of degree I[(w). So W5(z) is a polynomial
in ¢7* of degree I(wg) = |Ay|. It follows that fy has degree zero, that is, is
independent of q.

Since fj is independent of ¢, we may compute it by setting g~ — 0. The
spherical Whittaker function WY equals W,\MO. So by Proposition 12 we have
f() = 811,02)‘. L]

Let A be a dominant weight, and as before let x(z) be the irreducible
character of G(C) with highest weight .

Theorem 5. (Demazure) Let A be a dominant weight. Then
Oun? = x2(2). (22)
Proof. By Proposition 11

WA,w(z, 1) = Z(_l)l(u)zu()\+p)fp.

uw

So we may take w = wy in (21) and specialize to ¢ = 1 to obtain

H (1-— zfa)awoz/\ = Z(_l)l(“)zuO%p)fp_

a€A+ ueWw

Moving the product to the other side and applying the Weyl character for-
mula we obtain the result. [
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7 Fibers of Bott-Samelson resolutions

In this section, we will give some relationships between Whittaker func-
tions and the geometry of Schubert and Bott-Samelson varieties. Let tvo =
(Shys -+, Sn,) be a reduced decomposition of w = sy, - - sp, into a product
of simple reflections. Bott and Samelson gave a smooth projective variety
Zy together with a morphism 7, — X, that is a birational equaivalence.
If X, is singular, this gives a resolution of its singularities. On the other
hand, we have seen that the Whittaker function Wm A(2) is “roughly” equal
to Dy, -+ Dy, 27 there are correction terms, and these follow the same com-
binatorics as the fibers of the Bott-Samelson map.

Let G be a complex reductive group, and let B be a Borel subgroup. In
the application to Whittaker functions, GG will be the group formerly denoted
@((C), but we suppress the hat in this section.

Let X = G/B be the flag variety. If w is an element of the Weyl group
W, let Y, be the image of BwB in X. The closure

Xw:UYu

uw

is the closed Schubert cell.
To define the Bott-Samelson variety Zy,, let P; be the parabolic subgroup
generated by B and s;. The group B* acts on Py, X -+ x P, on the right by

(Ph T 7pk)(b17 T 7bk) = (Plbb bflpzbz, T ,bkqpkbk)- (23>

Then Z,, is the quotient variety. The multiplication map Py, x---xFP,, — G
induces a rational map Z, — X,, that is a birational equivalence.

The fibers of the map Z, — X,, are constant over each open Bruhat
cell Y,, with v < w. The fiber over Y,, (containing the generic point) consists
of a single point. For other Y, with u < w the cohomology of the fiber was
described combinatorially by Deodhar [14]. To explain this description, let us
choose a subword of tv representing u. This means that we have a sequence

I<php<jo<--<p<k (24)

with v = Shy, " Shy, - This is not assumed to be a reduced decomposition.

There may be more than one such subword, and we will sum over these.
We may alternatively specify a sequence o1, 0, - - - , 0%, 0x1+1 of Weyl group

elements such that o;1; = 1, and each o; equals either 0,1 or s,,0;4+1, and
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o1 = u. Such data are equivalent to giving a sequence (24). Indeed, given
such as sequence define ¢ by downward induction from o1 = 1 with g; =
Sp,0i41 if 718 in the sequence (24), or 0; = 0,41 if it is not. Following Deodhar,
we define the defect d(o) to be the number of i such that s, 0,11 < 0;11. We
also write 7(0) = u, i.e. 7(0) = 0.

Now let F, be the fiber of the map Z, — X, over a point in Y,. The
Poincaré polynomial Py ,,(q) is the polynomial of degree equal to the complex
dimension of F, whose n-th coefficient is the dimension if H**(F,).

Proposition 13. To any u,w € W with u < w,

Poulg) = > ¢".
ol

o)=u

Proof. This was stated without proof in Deodhar [14], where it was an ob-
servation of the referee. A proof of an equivalent formula may be found in
Gaussent [15]. Note that Deodhar parses the word representing u from left
to right (so his o9 = 1 and 0; = 0,1 or 0;_15p,), while it is more conve-
nient for us to parse it from right to left. This does not affect the Poincaré
polynomial. [

We will now relate this to Whittaker functions. Let us adopt a notation
that is suggestive of an analogy between these and Schubert varieties. If
w € W, define the operators Y, := T, and X, = >, ., Yun on O(T) SO
that

War(z) = Y,(2Y) and Wya(2) = Xu(2Y).

Finally, as noted in the introduction, for a reduced word 1o = (sp,,- - , S, ),
let
Zm = @hl o '@hk, with @Z = (1 - q_lz_o‘i)&-.

Our theme is that the relationship between the functions Z,, and X, is the
same as the relationship between the Bott-Samelson and Schubert varieties
Zw and X,,. The idea is that Z, is built up from a point by successive P!
fiberings, and ©; corresponds to such an operation. If we accept this analogy,
Z ., is analogous to the Bott-Samelson variety Z,,.

Moreover Y,, and X, are analogous to the open and closed Schubert
varieties Y, and X,,. The next result shows that we can express Z, in terms
of the Y, with v < w by multiplying in a factor corresponding to the fiber of
Zw — Xy, over the open Schubert cell Y,,. This factor is just the Poincaré
polynomial of the fiber.
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Theorem 6. To any w in W with reduced decomposition 1o,

Zw=Y Poulg Y.

uw

Proof. Combining Proposition 3 with Proposition 4, we see that applying
D, toY, (with y € W) gives Y, + Y, if s,y > y; or the same thing
multiplied by ¢! if s;y < y. Thus applying Dy, ---Dp, to Y(2*) = 22
(Theorem 1 (i)) and collecting the coefficients of Y, it is clear that there
will be a contribution for each sequence o1, - -+ , 0y, 0r11 such that o5 =1
and o; is either sj,0,4; or o;41. Moreover, there will be a multiplication by
a power of ¢~! each time we encounter a descent. The total power of ¢! is

just Deodhar’s defect d(o). O

There is a variant of this result that we will prove from scratch. If s is
a left ascent of w then we have a partial Bott-Samelson variety Zs,, which
is the quotient (P x X,,)/B where if s = s; then P = P; and B acts on the
right by (p,x)-b= (pb~', bx).

The map p(p,xz) = p - x is obviously compatible with the action of B
on P x X, hence induces a morphism u : Z,, — X,. It is a birational
equivalence. The fiber over an open Schubert cell Y,, (with u < sw) is either a
single point or a P!, and we will find a combinatorial criterion to distinguish
these cases. Let T be a maximal torus of G' contained in B. Since the fibers
of  are constant on Schubert cells Y; C X, with ¢ € W it suffices to study
the fiber u=1(y;), where y; € ;I is the unique T-fixed point in the Schubert
cell Y;. Since the fiber 1~!(y;) is either a single point or has dimension 1, it
is determined by its Euler characteristic x(u~'(y;)), and this is what we will
compute.

Lemma 5. Let V' be a projective complex algebraic variety with a T action
whose fized point set VT consists of isolated points. Then x (V) = #V7T.

Proof. Choosing a regular element A of Hom(C*, T'), it follows that V" has a
C* action with the same fixed point set, that is, VC* = V7. This C* action
defines a Bialynicki-Birula cellular decomposition of V', with cells {U, }
defined by

zeVex
Ux:{zevui_rg(l)ez:x},

one cell for each z. See Bialynicki-Birula, Carrell and McGovern [3]. Since
the cells are all of even real dimension, the Euler characteristic of V' is simply
the number of cells - that is, the number of fixed points. O
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Proposition 14. The fiber of i over Y, is Pt if and only if both u, su < w,
and is a point otherwise.

Proof. In view of Lemma 5, in order to compute x(u~*(y;)), we need to com-
pute the number of fixed points in the set u=!(y;)?. This is straightforward
since the fixed point set Z[, equals {(u,t) |u € (s),t < w} and the map
p' o ZL, — X1, is multiplication (u,t) — ut. Discussions of these facts
may be found in many places, usually for “standard” Bott-Samelson varieties
rather than these partial ones. See, for example Brion [5].

Now, from these two facts, we compute (u?)~*(y,) for t < w. In general,
we have

() Hye) = {(u, ) | u € (s), < w and ux = t}.

Since (s) has order two, there are at most two points in (u”)~*(y;). One of
them is the point y14, which is the image of the affine point (1,¢) in P'.
The other possibility is the y(, «); but this point is only a point of Zgjw if
st < w. Thus we conclude that (u”)~!(y;) is in bijection with the elements
z such that ¢ and st are less than or equal to w.

The map g is an isomorphism over the big cell Y,. Thus it remains to
study the fibers over the cells Y, with v < w.

It now suffices to to show that the fiber over u is a P! if and only if both
u,su < w, and is a point otherwise. Thus we must show that the Euler
characteristic of p~!(y,) is equal to 2 if and only if both u, su < w, and is
equal to one otherwise. By Lemma 5, we must show that the cardinality
of (u)~Y(y,) is equal to 2 if and only if both u,su < w, and is equal to
1 otherwise. But, as explained above, (u?)7!(y,) is the one element set
Y(1,4) unless both u, su < w, in which case (u')~*(y,) is the 2 element set

{y(l,u)a y(s,su)}- O

Now let H(w,s) = {u € W]u, su < w} and ¢, s be as in Theorem 3. We
may write (19) in our suggestive notation as (for sw > w)

:Din = Xsw + q_l Z Cw,s(u)Xu- (25>

u€H (w,s)

As in Proposition 9 the set H(w, s) has the property that if u € H(w, s) and
t <wthente H(w,s).
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Proposition 15. Let s = s; be a left ascent of w. Then

{y € Xo | 1™ (y) is nontrivial} = Z Cus(U) X (26)
u€H (w,s)

The notation must be explained. We are thinking of the varieties in (26)
as multisets, and the identity is in the sense of inclusion-exclusion. In other
words, if y € X and we sum the coeflicients ¢, s(u) over u such that y € X,
we will get 1 if y=*(y) is nontrivial, and 0 otherwise.

Since the fiber of the map Z,,, — X, over the points in Y, with u €
H(w, s) is P!, these points will contribute 1+ ¢~ to the Poincaré polynomial
of the fiber, while the other points in X, will contribute 1. If now P,(q™!)
is the Poincaré polynomial of the fiber over y € X, we may rewrite this
identity (26) as

Z Pu(q71>Yu = Xsu) + qil Z Cw,s(“)qu

u < sw ueH (w,s)

and now we recognize this as analogous to (25).

Proof. Let y € X. Let t € W such that y € Y;. Then

Z Cws(u) = Z Cu,s().

u € H(w,s) u € H(w, s)
y € Xy t<u

It follows from Mdbius inversion (Verma [31] or Deodhar [13]) that given

y € X that this is 1 if ¢ € H(w,s) and 0 otherwise. Thus the statement
follows from Proposition 14. ]

8 Nonsymmetric Macdonald polynomials

In this section, we explain how the Iwahori Whittaker functions presented
earlier are limits of non-symmetric Macdonald polynomials. To do so, we
use the results and notation of Ion [19], with one exception — for ease of
comparison, we write z* for an element of the lattice O(T)) rather than e*.
Recall that in an earlier section, we showed that for any dominant weight A,
the Iwahori Whittaker function is given by

W)\,w(z) = Qw(zA)
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where T, = T; is given by (14) with v = g~!. Conjugating by 2*, viewed as
translation by p in O(T), gives

Si_]-
1— 2z

2P Tiz P =—s;+(1—q")

In Ion’s notation the “basic representation” of Qherednik, a faithful repre-
sentation of the double affine Hecke algebra on O(T'), has T; acting according
to Section 2.2 of [19] (see p. 3491) by

A S; A
T2 = 20 g (2 g1y E = 2
? 1 1 7 1 — 2z~
or in our operator notation, letting 7T} := t; / 2Ti:
— 1-— S;
Ti=tisi+(ti—1)———.
s+ )1 —zT™
Recalling that
Ti_l = TZ_ (tz - 1)a
then the action of 7, * in the module is given by
— 1—s;
T =s+01—t)——,
7 S + ( )1 _ zai

so that by setting ¢; = ¢~! for all i > 0 and for any w € W,

T '=-2"%,2z7%, and T, =(-1)™2rg, 27" (27)
with ¥, as in (14).
Ion’s main result in [19] (Theorem 4.8) states that the “dual standard ba-
sis” {T" 1 w; - 1}aep is the family {E£4(0,¢)}rep, a normalized version of the
WA

non-symmetric Macdonald polynomial. Here w), is an affine Weyl group ele-
ment corresponding to A and wj is an operator corresponding to a minuscule
weight associated to A\. Thus, given the relation (27), it is natural to suspect
that Iwahori Whittaker functions W, ,(z) are related to the polynomials
E5(0,t). However, the action of the Hecke algebra from the Whittaker func-
tional is naturally given in terms of the Bernstein presentation for H=HxP ,
so we are not able to use Ion’s result directly.
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Instead, we make use of the relation (see the proof of Theorem 4.8 in
19): N ~
Ex(q.t) = x(wo) ' Tuwewo(Ex(g ™, 7)). (28)
Here x is the map that sends each generator T; to til /2. This identity can
be used to relate special values of E\(0,t) and E\(oco,t™!), and then take
advantage of the properties of F)(o0,t).
Then E) is related to Ey by Definition 3.10 of [19], which uses the char-

acter: ~
E(w) = t"/2 1o define  Ej(q,t) := E(w}) ' Ex(g, 1),

where w3 is the minimal length element for which A is taken to an antidom-
inant weight. (Note that having identified all ¢; = ¢, then £ = x.) Thus (28)
makes sense as stated for the unnormalized F)(q,t) as well.

Theorem 7. The Whittaker function Wi ,,(2) with ¢~' =t is equal to
(_ty(mziponwow()\-FP) (0, til)'

Proof. According to (27), Wh(2) is equal to (—1)"Wz=? T 1 227 g0 it
suffices to show

T 22 = g Bt ) (0,271). (29)

To connect with non-symmetric Macdonald polynomials E) (oo, t), note that
the right-hand side of (29) may be rewritten

wOEwow()\er) (07 til) = X(wO)wOTS:l)wOEwow()\er) (OO, t)? (3())

using (28) with ¢ — ¢! where T, gil) denotes the operator with ¢ replaced by

t~1. An easy verification on simple reflections shows that wOTl(U%_l)

So we may write the above right-hand side of (30) as

— -1
Wo _Two'

X(wO)Tz;()l Ewow()\+p) (007 t) :

Since A\ + p is strictly dominant, Theorem 3.1 of [19], equation (20) applies
and the above further simplifies to

X(w)iqu;()lTwowE)\er(OO? t) :

Further by Proposition 3.6 of [19], to any p dominant, E,(co,t) = z*, so the
above equals
X (W) T T2
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By the length increasing relation on the 7;, we have T),,,Ty-1 = Ty,. Sub-
stituting in T, 7T 1;_11 for T3y, in the expression above, we get

X(UJ)?sz;olTonq;—llz)\er = X(w)ilTJ—ll M = tig(w)T;ilz/\era

and (29) follows. O
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